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Abstract
This paper describes a search model with a continuum of worker
and job types, transferable utility and an increasing returns to
scale contact technology. We apply a second order Taylor
expansion to characterize the equilibrium. One third of the
increasing returns in contacts are absorbed by firms and workers
being more choosy. Hence, strongly increasing returns in contact
rates are consistent with weakly increasing returns in matching.
The resulting equilibrium is not efficient. Unemployment benefits
can reduce the loss by serving as a search subsidy. The loss
caused by search frictions is higher when worker types are bad
substitutes. Numerical simulations of the model show our Taylor
expansions to be quite accurate.
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Lq uhfhqw |hduv d  rxulvklqj olwhudwxuh rq htxloleulxp vhdufk prghov kdv hphujhg1 Lpsruwdqw
frqwulexwlrqv lqfoxgh= Gldprqg +4<;5d,/ Slvvdulghv +4<<3,/ Pruwhqvhq dqg Slvvdulghv +4<<7,1
Wkrvh sdshuv frqwulexwhg d orw wr rxu xqghuvwdqglqj ri wkh phfkdqlvpv ehklqg xqhpsor|phqw
dqg mre fuhdwlrq dqg wkhlu lpsruwdqfh iru wkh ixqfwlrqlqj ri wkh oderu pdunhw1 Qhyhuwkhohvv/
zkhq jrlqj wkurxjk prvw ri wklv olwhudwxuh/ rqh ihhov d elw xqfrpiruwdeoh ehfdxvh lw lv dvvxphg
wkdw doo pdwfkhv fdq eh vxppdul}hg e| dq djjuhjdwh pdwfklqj ixqfwlrq/ zklfk pdsv wkh vwrfnv
ri xqhpsor|hg zrunhuv dqg ydfdqflhv lqwr mre0zrunhu pdwfkhv1 Wklv doorzv wkh uhvhdufkhu zkr
lv lqwhuhvwhg lq rxwfrphv iru d uhsuhvhqwdwlyh zrunhu rqo|/ wr wuhdw doo zrunhuv dqg ￿upv dv li
wkh| duh krprjhqhrxv1
Wkh h{lvwhqfh ri vxfk d vlqjoh djjuhjdwh pdwfklqj ixqfwlrq lv fohduo| qrw d uhdolvwlf ghylfh
iru dqdo|}lqj vhdufk htxloleuld1 Krzhyhu/ lw pljkw vhuyh wkh jrdo ri wudfwdelolw|1 Wkh uhohydqw
txhvwlrq lv wkhuhiruh zkhwkhu lpsruwdqw lvvxhv duh ohiw rxw e| ljqrulqj khwhurjhqhlw|1 Zh vkdoo
dujxh wkdw wklv lv wkh fdvh1 Lq wkh vlpsohvw yhuvlrq ri wkh Slvvdulghv +4<<3, iudphzrun/ hdfk
frqwdfw ehwzhhq d mre vhhnhu dqg d ydfdqf| uhvxowv lq d pdwfk14 Khqfh/ wkh vshhg ri wkh
pdwfklqj surfhvv lv hqwluho| d whfkqlfdo pdwwhu1 Xqghu khwhurjhqhlw|/ wkh phfkdqlfdo frqwdfw
surfhvv dqg wkh pdwfklqj surfhvv duh glvhqwdqjohg1 Erwk mre vhhnhuv dqg ￿upv kdyh wr ghflgh
zkhwkhu ru qrw wkh| zdqw wr jlyh xs wkh rswlrq ydoxh ri frqwlqxhg vhdufk dqg hqjdjh lq dq
hpsor|phqw uhodwlrq zlwk d sduwlfxodu frqwdfw1
Vdwwlqjhu +4<<8, lv wr rxu nqrzohgjh wkh ￿uvw zkr dqdo|}hg wkh h￿hfwv ri vhdufk iulfwlrqv rq
wkh dvvljqphqw ri zrunhuv wr mrev lq d prgho zlwk wudqvihudeoh xwlolw|1 Wkh vwuxfwxuh ri rxu prgho
lv krzhyhu pruh forvho| uhodwhg wr Vklphu dqg Vplwk +5333,1 Wkh| surri h{lvwhqfh dqg ghulyh/
zlwkrxw h{solflwo| fkdudfwhul}lqj wkh htxloleulxp/ wkh zhdnhvw frqglwlrqv iru srvlwlyh dvvruwdwlyh
pdwfklqj wr wdnh sodfh1 Wkhuh duh krzhyhu d qxpehu ri lpsruwdqw gl￿huhqfhv ehwzhhq rxu
prgho dqg wkhluv1 Zh doorz iru wkh iuhh hqwu| ri ydfdqflhv dqg hqgrjhqrxv frpprglw| sulfhv1
Pruhryhu/ rxu irfxv gl￿huv lv gl￿huhqw1 Rxu pdlq lqwhuhvw lv wr surylgh d fkdudfwhul}dwlrq ri wkh
htxloleulxp vr wkdw zh fdq wdon derxw h!flhqf| lvvxhv1
Iru prghoolqj wkh surgxfwlrq vwuxfwxuh/ zh dsso| wkh frqwlqxrxv0w|sh frpsdudwlyh dgydqwdjh
iudphzrun ￿uvw ghyhorshg lq Urvhq +4<:7, dqg Vdwwlqjhu +4<:8, dqg odwhu uh￿qhg lq Whxolqjv
+4<<8/ 4<<<,1 Lq wklv vwuxfwxuh/ zrunhu w|shv duh fkdudfwhul}hg e| d vlqjoh lqgh{/ uhihuuhg wr dv wkh
vnloo ohyho1 Olnhzlvh/ mrev duh fkdudfwhul}hg e| wkhlu frpsoh{lw| ohyho1 Erwk lqglfhv duh frqwlqxrxv1
Kljk vnloohg zrunhuv kdyh d frpsdudwlyh dgydqwdjh lq frpsoh{ mrev/ orz0vnloohg zrunhuv lq vlpsoh
mrev1 Wkh frpsdudwlyh dgydqwdjh vwuxfwxuh surylghv d frpsohwho| qdwxudo uhdvrq iru vhdufk
ehfdxvh hdfk zrunhu w|sh kdv lwv rzq ￿ehvw￿ mre w|sh/ zkhuh khu frpsdudwlyh dgydqwdjhv duh
ehvw xwlol}hg1 Wkh hpsor|hu dqg wkh zrunhu kdyh d mrlqw lqwhuhvw lq d jrrg pdwfk/ vlqfh wkh
ehwwhu wkh pdwfk/ wkh odujhu wkh vxusoxv wkdw uhpdlqv wr eh glvwulexwhg1 Lq frqwudvw/ prghov
zlwk xqlyhuvdoo| ￿jrrg￿ mrev zrxog qrw vxuylyh d iuhh hqwu| frqglwlrq iru ydfdqflhv ehfdxvh rqo|
wkrvh ￿jrrg￿ mrev zrxog eh fuhdwhg dqg wkh rwkhu mrev zrxog glvdsshdu1 Wkh frqwlqxlw| ri wkh
vnloo dqg frpsoh{lw| lqgh{ surylghv d pxfk vlpsohu iudphzrun iru dqdo|}lqj krz pdwfklqj vhwv
fkdqjh zlwk wkh vfdoh ri wkh pdunhw wkdq d glvfuhwh w|sh iudphzrun/ vlqfh lw doorzv xv wr gr
frpsdudwlyh vwdwlfv rq pdujlqdo yduldwlrqv lq wkh vfdoh phdvxuh1 Wkh glvdgydqwdjh ri dsso|lqj
4Slvvdulghv +4<<3,/ fkdswhu 8 glvwlqjxlvkhv ehwzhhq frqwdfwv dqg pdwfkhv1 Zrunhuv dqg mrev duh krzhyhu h{
dqwh krprjhqhrxv dqg wkh| gr qrw idfh wkh sureohp ri gh￿qlqj pdwfklqj vhwv1 Diwhu wkh| phhw/ wkhlu surgxfwlylw|
lv gudzq iurp d glvwulexwlrq dqg wkh ￿edg gudzv￿/ lpphgldwho| glvvroyh1
5wklv frpsdudwlyh dgydqwdjh frqwlqxrxv w|sh ri vhdufk prgho lv lwv dqdo|wlfdo frpsoh{lw|1 Wkh
Ehoopdq htxdwlrqv iru mre vhhnhu dqg ydfdqf| w|shv w|slfdoo| uhtxluh wkh hydoxdwlrq ri lqwhjudov
ryhu pdwfklqj vhwv zkhuh erwk wkh lqwhjudqg dqg wkh erxqgdulhv ri wkhvh lqwhjudov duh hqgrjhqrxv
ixqfwlrqv1 Wklv frpsoh{lw| kdv pdgh pdq| uhvhdufkhuv uhoxfwdqw wr dsso| wklv w|sh ri prghov1
Dq dowhuqdwlyh lqwhusuhwdwlrq ri wklv ￿qdo kxugoh khosv xqghuvwdqglqj wkh dyhqxh wkdw zh
lqwhqg wr wudyho1 Frpsduhg wr wkh frpsoh{lw| ri vhdufk prghov/ d Zdoudvldq prgho jlyhv wkh
dqqdolvw d juhdw ghdo ri frqyhqlhqfh1 Iluvw rughu frqglwlrqv/ uh hfwlqj iru h{dpsoh wkh srlqw
ri wdqjhqf| ehwzhhq d zdjh0frvw ixqfwlrq dqg dq lvr0rxwsxw ixqfwlrq/ surylgh d vrolg vwuxfwxuh
wr pdunhw htxloleulxp1 Doo kljkhu rughu frqglwlrqv fdq eh ljqruhg dqg wkh hqyhorsh wkhruhp
doorzv wkh uhvhdufkhu wr ljqruh lqgluhfw h￿hfwv1 Wkh ￿uvw vpdoo vwhs wkh dqqdolvw vhwv rxwvlgh
wklv Zdoudvldq Xwrsld eulqjv klp lqwr ghhs wurxeoh1 Wkh zdjh0frvw ixqfwlrq idoov ehorz wkh
lvr0rxwsxw ixqfwlrq1 Vhdufk ghflvlrqv duh gulyhq e| wkh lqwhjudo ryhu wkh pdwfklqj vhw hqyhorshg
e| erwk ixqfwlrqv/ vhh Iljxuh 4 lq vhfwlrq 61 Lqvwhdg ri d vlqjoh ￿uvw rughu h￿hfw/ wkh dqqdolvw
kdv wr dffrxqw iru d pxowlwxgh ri kljkhu rughu h￿hfwv iru wkh hydoxdwlrq ri wklv lqwhjudo1
Wklv lqwhusuhwdwlrq dooxghv wr d vwudljkwiruzdug lghd1 Shukdsv zh fdq jdlq lqvljkw lq d zruog
zlwk gluw| vhdufk htxloleuld li zh zrxog dgg rqo| wkh vhfrqg rughu whup1 Lw lv wklv lghd wkdw
lv lqyhvwljdwhg lq wkh suhvhqw sdshu1 Rxu dssurdfk vkrxog qrw eh ylhzhg dv mxvw d pdwkhpdw0
lfdo wulfn/ exw kdv d qxpehu lpsruwdqw hfrqrplf lpsolfdwlrqv1 Iluvw/ wkh forvhu zh duh wr wkh
Zdoudvldq htxloleulxp/ wkh vpdoohu zloo eh wkh duhd hqyhorshg e| wkh zdjh0frvw ixqfwlrq dqg
wkh lvr0rxwsxw ixqfwlrq dqg wkh ehwwhu zloo wkhuhiruh eh rxu vhfrqg rughu dssur{lpdwlrq1 Lq wkh
olplw/ kljkhu rughu h￿hfwv ydqlvk/ dqg wkh vhfrqg rughu h{sdqvlrq jlyhv d shuihfw ghvfulswlrq
ri wkh htxloleulxp1 Lqwhuhvwlqjo|/ wklv olplw lv htxlydohqw wr udlvlqj wkh vfdoh ri wkh pdunhw wr
lq￿qlw|15 Vhfrqg/ d qxpehu ri hodvwlflwlhv +h1j1 wkh hodvwlflw| ri xqhpsor|phqw zlwk uhvshfw wr
wkh vfdoh, duh ixoo| ghwhuplqhg e| wkh rughu+v, ri wkh ￿uvw qrq0ydqlvklqj whupv lq wkh Ehoopdq
htxdwlrqv iru zrunhuv dqg ￿upv dqg  rz htxloleulxp frqglwlrq1 Ilqdoo|/ wkh vhfrqg rughu h{sdq0
vlrq olqnv wkh wkhru| ri mre vhdufk wr wkh wkhru| ri vxevwlwxwlrq1 Hodvwlflwlhv ri vxevwlwxwlrq duh
lqghhg jryhuqhg e| wkh vhfrqg ghulydwlyh ri frvw ixqfwlrqv/ khqfh wkh vdph ghulydwlyh zklfk lv
dssolhg khuh wr hydoxdwh vhdufk iulfwlrqv1 Whxolqjv +4<<<, vkrzv wkdw wkh ghjuhh ri vxevwlwxwdelo0
lw| ehwzhhq zrunhu w|shv lq wklv w|sh ri frpsdudwlyh dgydqwdjh prgho lv gulyhq e| d sdudphwhu
odehohg wkh frpsoh{lw| glvshuvlrq sdudphwhu1 Lq wklv sdshu/ zh vkrz wkdw wkh vdph sdudphwhu
dovr ghwhuplqhv wkh pdjqlwxgh ri vhdufk iulfwlrqv1 Wkh odujhu wklv sdudphwhu/ wkh kdughu lw lv wr
vxevwlwxwh ehwzhhq gl￿huhqw zrunhu w|shv1 Wkhuh lv d vlpsoh lqwxlwlrq iru wkh uhodwlrq ehwzhhq
vhdufk iulfwlrqv dqg vxevwlwxwdelolw| ri zrunhu w|shv1 Zkhq ￿upv fdqqrw hdvlo| vxevwlwxwh eh0
wzhhq zrunhu w|shv/ lw ehfrphv pruh lpsruwdqw wr kdyh d suhflvh dvvljqphqw ri zrunhuv wr mrev1
Wkhuhiruh/ iru d jlyhq frqwdfw whfkqrorj|/ lw wdnhv pruh wlph wr ￿qg d vxlwdeoh pdwfk sduwqhu1
Khqfh/ rxu dqdo|vlv hqgv xs zlwk d vlpsoh htxdwlrq wkdw uhodwhv wkh vl}h ri vhdufk iulfwlrqv wr d
vpdoo qxpehu ri irufhv zklfk fdq doo eh hvwlpdwhg dqg whvwhg hpslulfdoo|1
Zh duh dovr deoh wr ghulyh dq h{solflw h{suhvvlrq iru wrwdo rxwsxw orvv gxh wr vhdufk iulfwlrqv1
Wklv orvv lv fdxvhg e| wkuhh idfwruv= plvpdwfk/ irujrqh surgxfwlrq e| xqhpsor|hg zrunhuv dqg
wkh frvwv ri nhhslqj ydfdqflhv rshq1 Wkh orvv fdq lwvhoi eh ghfrpsrvhg lq= orvv gxh wr lqdghtxdwh
lqfhqwlyhv +zklfk fdq srwhqwldoo| eh qhxwudol}hg e| dghtxdwh srolflhv, dqg orvv gxh wr vhdufk
5Iroorzlqj wkhvh lghdv/ Nhq Mxgg vxjjhvwhg wr xv dq dowhuqdwlyh zd| ri ghulylqj rxu uhvxowv1 Vwduw ghvfulelqj
wkh vhdufk htxloleulxp iurp wkh srlqw zkhuh 42vfdoh @ 3 +khqfh= wkh Zdoudvldq htxloleulxp, dqg wkhq xvh wkh
lpsolflw ixqfwlrq wkhruhp wr dqdo|vh wkh frpsdudwlyh vwdwlfv ri voljkw xszdug yduldwlrqv lq 42vfdoh1 Wklv phwkrg
ohdgv wr vlplodu uhvxowv dv wkh rqhv wkdw duh glvfxvvhg lq wklv sdshu1
6iulfwlrqv1 Rxu vroxwlrq dovr vkhgv oljkw rq wkh lvvxh ri rswlpdo vrfldo lqvxudqfh1 Lq rxu prgho/
xqhpsor|phqw ehqh￿wv kdyh d xvhixo hfrqrplf uroh lq wkh vhqvh wkdw wkh| surylgh dghtxdwh
lqfhqwlyhv iru vhdufk dqg suhyhqw zrunhuv iurp dffhswlqj mrev iru zklfk wkh| duh loo vxlwhg/ vhh
dovr Exughww +4<:<, dqg Pdulprq dqg ]lolerwwl +4<<<,1 Zkloh lq Pdulprq dqg ]lolerwwl +4<<<,/
rswlpdo xqhpsor|phqw lqvxudqfh lv }hur zkhq zdjhv duh vhw fruuhfwo| +wkh Krvlrv0Slvvdulghv
frqglwlrq lv vdwlv￿hg,/ lq rxu prgho lw lv dozd|v srvlwlyh1 Wkh uhdvrq lv wkdw zh kdyh dq LUV
frqwdfw whfkqrorj| vr wkdw qr zdjh vkdulqj uxoh zloo ixoo| uhzdug vhdufkhuv iru wkhlu h￿ruw1
Hqgrjhql}lqj wkh pdwfklqj ghflvlrq dovr d￿hfwv wkh phdvxuhphqw ri uhwxuqv wr vfdoh lq wkh
pdwfklqj ixqfwlrq1 Wkh frpprq zlvgrp lv dw wkh prphqw wkdw wkhuh duh qr lqfuhdvlqj uhwxuqv1
Krzhyhu/ uhwxuqv wr vfdoh duh w|slfdoo| hvwlpdwhg e| uhodwlqj wkh vwrfnv ri mre vhhnhuv dqg ydfdq0
flhv wr wkh qxpehu ri uhdol}hg pdwfkhv1 Wklv surfhgxuh ljqruhv wkh idfw wkdw/ xqghu lqfuhdvlqj
uhwxuqv/ mre vhhnhuv dqg ￿upv ehfrph pruh fkrrv| dv wkh vfdoh ri wkh pdunhw lqfuhdvhv1 Rxu
dqdo|vlv vkrzv wkdw zkhq erwk ydfdqflhv dqg xqhpsor|phqw lqfuhdvh e| 4(/ wklv ohdgv wr 5(
pruh frqwdfwv exw rqo| wr 4199( pruh pdwfkhv/ wkh uhvw lv devruehg e| vpdoohu pdwfklqj vhwv1
Lqlwldoo|/ rxu dvvxpswlrq ri lqfuhdvlqj uhwxuqv lq wkh frqwdfw surfhvv zdv prwlydwhg e| wkh
sureohp wkdw dulvhv lq prghov zlwk frqvwdqw uhwxuqv wr vfdoh lq frqwdfwv dqg khwhurjhqhlw|1 Lq
wkhvh prghov/ doo mre vhhnhuv uhgxfh wkh suredelolw| wr ￿qg d ydfdqf| iru doo rwkhu mre vhhnhuv
gxh wr ￿frqjhvwlrq￿ h{whuqdolwlhv1 Frqvhtxhqwo|/ lq dq lqwhjudwhg oderu pdunhw/ orz vnloohg
lppljudqwv zrxog ￿qg lw kdughu wr ￿qg d kdpexujhu mre zkhq d exqfk ri Kduydug judgxdwhv
hqwhu wkh pdunhw1 Wklv lpsolfdwlrq ri ￿frqjhvwlrq￿ h{whuqdolwlhv vhhpv wr eh kljko| xquhdolvwlf1
Wr dyrlg lw/ zh dvvxph d frqwdfw whfkqrorj| zlwk lqfuhdvlqj uhwxuqv wr vfdoh1 Ilqdoo|/ lw lv zruwk
phqwlrqlqj wkdw hfrqrplvwv duh lq jrrg frpsdq| zkhq pdnlqj wkh dvvxpswlrq wkdw wkh frqwdfw
suredelolw| iru zrunhuv +ydfdqflhv, rqo| ghshqgv rq wkh dprxqw ri ydfdqflhv +zrunhuv, rq wkh
rwkhu vlgh ri wkh pdunhw1 Wkh wkhru| ri wkh yhorflw| ri fkhplfdo uhdfwlrqv lq jdvvhv lv edvhg rq
h{dfwo| wkh vdph suhplvvhv1 Lqfuhdvlqj suhvvxuh vshhgv xs wkh uhdfwlrq surfhvv1 Olnhzlvh/ wkh
frqwdfw udwh lv kljkhu lq ghqvh Pdqkdwwdq wkdq lq Z|rplqj1
D srwhqwldo ulvn lq rxu dssurdfk lv wkdw wkh dssur{lpdwlrqv duh vr edg wkdw zh uhdoo| gr
qrw ohduq dq|wklqj iurp wkhp1 Wkhuhiruh/ zh frqiurqw rxu dssur{lpdwlrqv zlwk wkh qxphulfdo
vroxwlrq ri wkh prgho1 Zkhq vhdufk iulfwlrqv duh vpdoo/ rxu dssur{lpdwlrqv doprvw h{dfwo|
plplf wkh qxphulfdo vroxwlrqv1 Zkhq vhdufk iulfwlrqv ehfrph odujhu dqg zkhq wkhuh lv shuihfw
vxevwlwxwlrq lq wkh jrrgv pdunhw/ d sureohp zklfk zh odeho wkh ￿fruqhu sureohp￿ dulvhv1 Wkh
sureohp dulvhv iurp wkh idfw wkdw wkhuh duh olwwoh lqfhqwlyhv wr rshq ydfdqflhv lq wkh fruqhuv ri
wkh pdunhw ehfdxvh wkhuh duh wrr ihz mre vhhnhuv iru wkhvh ydfdqflhv1 Wklv uhvxowv lq d vslnh
ri ydfdqflhv mxvw deryh wkh orzhu fruqhu dqg mxvw ehorz wkh xsshu fruqhu zklfk zloo dwwudfw doo
wkh orz vnloohg zrunhuv1 Jlyhq wkh h{lvwhqfh ri wklv vslnh/ lw ehfrphv ohvv dwwudfwlyh wr rshq
ydfdqflhv mxvw deryh wklv vslnh1 Wkh vslnh furzgv rxw qhljkerulqj mrev1 Dv d frqvhtxhqfh ri
wklv ￿uvw vslnh/ d vhfrqg vslnh vrphzkhuh deryh wkh ￿uvw rqh zloo dulvh dqg zh jhw d surfhvv
ri hqgrjhqrxv vhjphqwdwlrq1 Exughww dqg Frohv +4<<:, dqg Vplwk +4<<8, vkrz wkdw d vlplodu
surfhvv ri hqgrjhqrxv vhjphqwdwlrq dulvhv lq d qrq0wudqvihudeoh xwlolw| frqwh{w1 Wklv surfhvv
zloo qrw eh slfnhg xs e| rxu vhfrqg rughu Wd|oru dssur{lpdwlrqv1 Rxu dqdo|wlfdo uhvxowv duh
wkhuhiruh prvw suhflvh iru wkh plggoh jurxsv/ iru oderu pdunhwv zlwk vpdoo vhdufk iulfwlrqv/ dqg
iru hfrqrplhv zlwk ohvv wkdq shuihfw vxevwlwxwlrq rq frpprglw| pdunhwv1
Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 suhvhqwv wkh dvvxpswlrqv xqghuo|lqj wkh prgho
dqg glvfxvvhv vrph ri lwv lpsolfdwlrqv uhjduglqj wkh h!flhqf| ri wkh edujdlqlqj surfhvv dqg
frpsduhv wkh vwuxfwxuh ri wkh htxloleulxp zlwk wkh Zdoudvldq fdvh1 Vhfwlrq 6 glvfxvvhv vrph
7jhqhudo uhvxowv uhjduglqj wkh h{lvwhqfh ri dq htxloleulxp dqg wkh vkdsh ri wkh pdwfklqj vhwv1
Vhfwlrq 7 suhvhqwv wkh pdlq lqqrydwlrq ri wkh sdshu/ wkh xvh ri vhfrqg rughu Wd|oru h{sdqvlrqv iru
wkh hydoxdwlrq ri wkh lqwhjudov ryhu wkh pdwfklqj vhwv1 Qh{w/ Vhfwlrq 8 ghdov zlwk wkh hodvwlflwlhv
ri wkh vhdufk vxusoxv dqg xqhpsor|phqw zlwk uhvshfw wr wkh nh| sdudphwhuv ri wkh prgho1 Lq
wklv vhfwlrq/ zh dovr frqvlghu wkh vl}h dqg qdwxuh ri wkh h!flhqf| orvvhv1 Vhfwlrq 9 glvfxvvhv wkh
fruqhu sureohp1 Lq Vhfwlrq :/ zh frpsduh wkh uhvxowv iurp rxu Wd|oru h{sdqvlrqv wr ixoo0 hgjhg
qxphulfdo vroxwlrqv ri wkh prgho1 Rxu vlpxodwlrqv duh vshfl￿hg vxfk wkdw zh fdq forvho| wudfn
hpslulfdo hvwlpdwhv ri doo nh| sdudphwhuv1 Ilqdoo|/ Vhfwlrq ; glvfxvvhv vrph uhohydqw h{whqvlrqv
ri rxu dssurdfk olnh ulvn dyhuvlrq1




Lq rxu hfrqrp|/ zrunhuv dqg mrev duh fkdudfwhul}hg e| d vlqjoh lqgh{/ uhihuuhg wr dv vnloo ohyho v
dqg mre0frpsoh{lw| ohyho f uhvshfwlyho|1 Erwk lqglfhv ydu| frqwlqxrxvo|/ vr wkdw wkhuh h{lvwv dq
lq￿qlwxp ri zrunhu dqg mre w|shv=
v 5 ^v3>v n‘
f 5 ^f3>f n‘>f 3 A 3
Ohw O eh wkh vl}h ri wkh oderu irufh dqg o+v, eh wkh ghqvlw| ixqfwlrq ri v> h{rjhqrxv yduldeohv
zloo eh xqghuolqhg wkurxjkrxw wkh sdshu1 Ixuwkhupruh/ ohw k+v, ghqrwh wkh qxpehu ri xqhp0
sor|hg zrunhuv ri w|sh v shu xqlw ri oderu vxsso|1 Khqfh/
￿Er￿
,Er￿ lv wkh xqhpsor|phqw udwh iru
zrunhuv ri w|sh v dqg wkh djjuhjdwh xqhpsor|phqw udwh vdwlv￿hv x ￿
U rn
r3 k+v,gv1 Wkh vxsso| ri
ydfdqflhv lv ghwhuplqhg e| d iuhh hqwu| uxoh zklfk gulyhv wkh dvvhw ydoxh ri d ydfdqf| wr }hur lq
htxloleulxp1 Zh zloo ghqrwh wkh qxpehu ri ydfdqflhv ri w|sh f shu xqlw ri oderu vxsso| e| j+f,1
Wkh wrwdo qxpehu ri ydfdqflhv shu xqlw ri oderu vxsso| iroorzv wkhq iurp y ￿
U Sn
S3 j+f,gf zkloh
wkh wrwdo qxpehu ri ydfdqflhv lv Oy1 Pdlqwdlqlqj d ydfdqf| lv frvwo|1 Zh dvvxph wkdw wkrvh
frvwv duh lqghshqghqw ri wkh mre w|sh dqg htxdo wr N shu shulrg1 Zh fdq wklqn ri wkrvh frvwv
dv dgyhuwlvhphqw frvwv1 Ohw E ghqrwh xqhpsor|phqw ehqh￿wv ru wkh ydoxh ri ohlvxuh/ dowkrxjk
wkh iruphu lqwhusuhwdwlrq lv qrw ixoo| frqvlvwhqw zlwk wkh prgho/ vlqfh zh ljqruh wkh ixqglqj ri
wkhvh ehqh￿wv1 Qhyhuwkhohvv/ zh vkdoo orrvho| uhihu wr wkh udwlr ri E wr uhvhuydwlrq zdjhv dv wkh
uhsodfhphqw udwh1
Vlqfh hdfk mre w|sh f surgxfhv lwv rzq frpprglw|/ zh kdyh wr lqwurgxfh d vhw ri frpprglw|
sulfhv S+f,1 Wkh surgxfwlylw| ri d zrunhu/ v/d wdm r e /f/l vg h q r w h ge |I +v>f,1 Wkh jurvv shu
shulrg ydoxh ri d pdwfk ehwzhhq v dqg f lv wkhuhiruh htxdo wr S+f,I+v>f,1 Vhdufk iulfwlrqv hqwhu
wkh prgho e| d vlpsoh olqhdu frqwdfw udwh ￿￿<￿ iru zrunhu +mre, w|sh l wr uxq lqwr mre +zrunhu,
w|sh m=
￿r<S ￿ ￿WOj+f, +4,
￿S<r ￿ ￿WOk+v,
8zkhuh ￿W lv d whfkqrorj| sdudphwhu zklfk phdvxuhv wkh h!flhqf| ri wkh pdwfklqj surfhvv1 Iru
qrwdwlrqdo frqyhqlhqfh zh gh￿qh ￿ ￿ ￿WO1 Zh fdq lqwhusuhw ￿ wkhq dv wkh uhohydqw vfdoh ri wkh
oderu pdunhw1 Pdwfkhv duh ghvwur|hg dw dq h{rjhqrxv udwh ￿1 Ilqdoo|/ zh dvvxph iru vlpsolflw|
wkdw erwk zrunhuv dqg ￿upv duh ulvn qhxwudo1 Iurp wkhvh gh￿qlwlrqv/ wkh ydoxh ri vhdufk iru d












k+v,^S+f,I+v>f, ￿ Z+v>f,‘ gv +6,
zkhuh U+v, l vw k hu h v h u y d w l r qz d j hr iz r u n h uw | s hv/ Z+v>f, l vw k hz d j hr idz r u n h ur iw | s hv
zkr lv hpsor|hg dw d mre w|sh f/d q g￿ lv wkh glvfrxqw udwh1 Pdwfklqj wdnhv sodfh zkhq erwk
￿up dqg zrunhu duh ehwwhu r￿1 Vlqfh zh doorz iru edujdlqlqj ryhu wkh pdwfk vxusoxv/ dq| pdwfk
zlwk d ydoxh wkdw h{fhhgv wkh vxp ri wkh rxwvlgh rswlrqv ri ￿up dqg zrunhu lv dffhswdeoh1 Wkh
ixqfwlrqv pS+v, dqg pr +f, gh￿qh wkh vxevhwv ri f dqg v uhvshfwlyho| zlwk zkrp w|sh v dqg f
uhvshfwlyho| duh zloolqj wr irup d pdwfk zlwk1 Wkhvh vxevhwv duh ghwhuplqhg e| wkh frqglwlrq
wkdw wkh pdwfk vxusoxv lv srvlwlyh1
S+f,I +v>f, ￿ U+v, A 3 +7,
Zdjhv duh vhw e| d vlpsoh Qdvk edujdlqlqj uxoh ryhu wkh pdwfk vxusoxv1 Khqfh=
Z+v>f, @ ￿S+f,I+v>f, . +4 ￿ ￿,U+v, +8,












k+v,^S+f,I+v>f, ￿ U+v,‘ gv +:,
Zkhq wkh vfdoh0sdudphwhu ￿ jrhv wr lq￿qlw| +wkh Zdoudvldq fdvh,/ wkh lqwhujudov lq erwk
htxdwlrqv vkrxog ydqlvk iru doo f lq pS+v, iru hyhu| v1 Wklv uh hfwv wkh ￿uvw rughu frqglwlrqv
wr eh glvfxvvhg lq Vhfwlrq 5171 Dw wklv srlqw/ zh kdyh wr eh pruh vshfl￿f derxw wkh vkdsh ri
I+v>f,= Zh dvvxph wkdw I+v>f, lv orj vxshuprgxodu zlwk wkh iroorzlqj ixqfwlrqdo irup=6
I+v>f, ￿ hrS +;,
Orj vxshuprgxodulw| lv d fuxfldo lqjuhglhqw iru frpsdudwlyh dgydqwdjh/ vhh Whxolqjv +4<<8,17
Wklv fdq eh vhhq prvw hdvlo| e| frpsdulqj wklv vshfl￿fdwlrq zlwk d vlpsoh vxshuprgxodu ixqf0
wlrq/ iru h{dpsoh I @ vf/ dqg dqdo|}lqj d vlpsoh Zdoudvldq prgho zlwk iuhh hqwu| ri ydfdqflhv1
68ErcS￿ lv vxshuprgxodu li ￿ S
￿ :Sdqg ￿r





￿cr￿/d q g8ErcS￿ lv orj vxshuprgxodu li sErcS￿ ’* L }8ErcS￿ lv vxshuprgxodu/ vhh h1j1 Wrsnlv +4<<;,1
7Vrph frpphqwdwruv vxjjhvwhg wkdw wklv vshfl￿fdwlrq dovr lpsolhv lqfuhdvlqj uhwxuqv wr vfdoh1 Krzhyhu/ r dqg





/ h{fhsw wkdw r fdq wkhq wdnh qr orqjhu qhjdwlyh ydoxhv1
9Wkh sur￿w ri d ￿up ri w|sh f lv wkhq htxdo wr S +f,vf ￿ U+v,1 Xqghu iuhh hqwu|/ ￿upv fkrrvh
wkh sur￿w pd{lpl}lqj f0w|sh/ wkdw lv wkh w|sh wkdw pd{lpl}hv S +f,vf ru htxlydohqwo| S +f,f
+ehfdxvh v hqwhuv pxowlsolfdwlyho|,1 Zlwk shuihfw vxevwlwxwlrq rq frpprglw| pdunhwv dqg wkhuh0
iruh h{rjhqrxv frpprglw| sulfhv/ wklv zrxog lpso| wkdw doo ￿upv zrxog fkrrvh wkh vdph f0w|sh1
Khqfh/ wkhuh fdq qhyhu eh dvvruwdwlyh pdwfklqj/ vlqfh wkhuh zrxog rqo| eh d vlqjoh ￿up w|sh lq
wkh pdunhw1 Zlwk lpshuihfw vxevwlwxwlrq/ frpprglw| sulfhv zrxog dgmxvw wr pdnh ￿upv lqgl￿hu0
hqw/ wkdw lv= S +f,@D@f/ zkhuh D lv dq duelwudu| frqvwdqw1 Khqfh/ lq erwk fdvhv/ sur￿wv fdq eh
zulwwhq dv Dv ￿U+v,1 Khqfh/ wkhuh lv qr dvvruwdwlyh pdwfklqj vlqfh doo dvvljqphqwv duh htxdoo|
sur￿wdeoh1 Lq wkh fdvh ri orj vxshuprgxodulw|/ wklv dujxphqw euhdnv grzq1 Wkh f0w|sh wkdw
pd{lpl}hv sur￿wv qrz ghshqgv rq wkh v w|sh wkdw lv hpsor|hg/ zklfk fdq eh vhhq gluhfwo| iurp
wkh ￿uvw rughu frqglwlrq iru wkh rswlpdo f0w|sh= S￿ +f,hrS.vS +f,hrS @3 /r u =S￿ +f,@S +f, @ ￿v1
Wkh fuxfldo frqglwlrq iru srvlwlyh dvvruwdwlyh pdwfklqj wxuqv rxw wr eh wkdw IS +v>f,@I +v>f,
lqfuhdvhv lq v/ zklfk lv htxlydohqw wr orj vxshuprgxodulw|1 Khqfh/ lq rxu prgho/ wkhuh lv qr vxfk
wklqj dv ￿jrrg￿ ru ￿edg￿ mrev zklfk duh lqghshqghqw ri wkh vnloov ri wkh zrunhu1 Iru hdfk zrunhu
w|sh v wkhuh h{lvwv rqh shuihfw pdwfk f+v, wkdw pd{lpl}hv wkh mrlqw vxusoxv e| pdnlqj rswlpdo
xvh ri wkh frpsdudwlyh dgydqwdjhv ri wkdw zrunhu w|sh1 Pruhryhu/ wkh qrwlrq ri rqh sduwlfxodu
w|sh ri mre ehlqj ehvw/ lqghshqghqw ri v/ lv lqfrqvlvwhqw zlwk frpprglw| pdunhw frpshwlwlrq dqg
wkh iuhh hqwu| frqglwlrq iru ydfdqflhv1 Li d sduwlfxodu w|sh ri mre zrxog eh pruh sur￿wdeoh wkdq
rwkhuv/ d fruqhu vroxwlrq zrxog uhvxow zkhuh rqo| ￿jrrg￿ ydfdqflhv zrxog eh rshqhg1 Krzhyhu/
xqghu surgxfw pdunhw frpshwlwlrq wkh sulfh ri wkh rxwsxw ri wkdw mre zrxog eh gulyhq grzq wloo
lw lv qr orqjhu ehvw1
Jlyhq rxu dvvxpswlrq rq wkh zdjh edujdlqlqj/ zh fdq zulwh wkh pdwfklqj vhwv iru zrunhu
w|sh/ v/ dqg mre w|sh/ f/ uhvshfwlyho| dv=
pS+v, @ ifj ￿%ErcS￿:f +<,
pr+f,@ivj￿%ErcS￿:f
zkhuh wkh orj pdwfk vxusoxv {+v>f, ￿ s+f,.vf￿u+v,= Khqfh {+v>f, kdv wkh qhdw lqwhusuhwdwlrq ri
ehlqj wkh uhodwlyh vxusoxv ri ydoxh dgghg deryh wkh uhvhuydwlrq zdjh1 Lq wkh vhtxho/ orzhu fdvhv
ghqrwh wkh orjdulwkp ri wkh fruuhvsrqglqj xsshu fdvhv1 Wkh gh￿qlwlrq lpsolhv= f 5 pS+v, /
v 5 pr+f,/ wkdw lv= li f lv lq wkh pdwfklqj vhw ri v/ wkhq v lv lq wkh pdwfklqj vhw ri f1W k h
frqglwlrq {+v>f, A 3 lv htxlydohqw wr wkh frqglwlrq S+f,I+v>f,￿U+v, A 3/ wkdw kdv ehhq dssolhg
ehiruh1 Ixuwkhupruh/ zh dvvxph wkdw s+f3, . v3f3 A oqE/ lpso|lqj wkdw wkhuh lv d srvlwlyh
vxusoxv iurp surgxflqj/ hyhq iru wkh ohdvw surgxfwlyh zrunhu18
Vlqfh zh frqvlghu d vwdwlrqdu| hfrqrp|/ wkh qxpehu ri zrunhuv ￿qglqj d mre pxvw htxdo wkh
qxpehu orrvlqj wkhlu mre1 Khqfh=




Sk|vlfdo rxwsxw shu mre w|sh fdq eh ghulyhg iurp wkh lq rz ri qhz zrunhuv ri w|sh v wlphv wkhlu
surgxfwlylw| lq mre w|sh f wlphv wkh h{shfwhg gxudwlrq ri wkh hpsor|phqw uhodwlrq 42￿=
8Khqfh/ zh uxoh rxw vwuxfwxudo xqhpsor|phqw1 Reylrxvo|/ wkh prgho fdq ghdo zlwk vwuxfwxudo xqhpsor|phqw
e| vlpso| dgglqj djhqwv zkrvh surgxfwlylw| zloo qhyhu h{fhhg wkh ydoxh ri ohlvxuh/ exw wklv grhv qrw jhqhudwh
ixuwkhu lqvljkwv1 Qrwh wkdw wklv dvvxpswlrq lv rqo| ixoo| dssursuldwh lq wkh fdvh wkdw # ’ " +shuihfw vxevwlwxwlrq









Wkh rxwsxwv ri hdfk mre w|sh duh wudghg rq frpprglw| pdunhwv1 Dvvxph wkdw wkh ghpdqg iru
frpprglwlhv lv jlyhq e| d frqwlqxrxv w|sh FHV xwlolw| ixqfwlrq vxfk wkdw=











zkhuh s lv wkh orj sulfh lqgh{ ri frqvxpswlrq +ru dowhuqdwlyho|/ wkh sulfh ri wkh frpsrvlwh frq0
vxpswlrq jrrg,/ t+f, lv wkh zhljkw ri w|sh f lq frqvxpswlrq dqg ￿ lv wkh hodvwlflw| ri vxevwlwxwlrq1
Iurp +45, zh fdq ghulyh wkdw wkh ghpdqg iru jrrg f vdwlv￿hv=
|+f, ￿ | ￿ t+f, @ ￿^s ￿ s+f, . t+f,‘
zkhuh | ghqrwhv orj djjuhjdwh frqvxpswlrq1 Ohw s eh wkh qxphudluh +s @3 ,1 Zh zloo frq￿qh
rxu dwwhqwlrq wr wzr vshfldo fdvhv/ shuihfw vxevwlwxwlrq +￿ @ 4, dqg }hur vxevwlwxwlrq +￿ @3 ,1
Lq wkh ￿uvw fdvh/ sulfhv duh h￿hfwlyho| h{rjhqrxv vlqfh s+f, @ t+f,1 Lq wkh vhfrqg fdvh/ wkh
glvwulexwlrq ri rxwsxw shu mre w|sh lv h{rjhqrxv |+f, @ t+f,1 Vxppdul}lqj=
￿ @ 4 = s+f, @ t+f,> ;f = t￿￿+f, ? 3>t ￿+f3, @ v3>t ￿+fn, @ vn +46,
￿ @3 = |+f, @ t+f,> ;f = t+f, A 3>
Wkh dvvxpswlrq t+=, ehlqj srvlwlyh lq wkh fdvh wkdw ￿ @3lpsolhv wkdw wkhuh lv srvlwlyh ghpdqg
iru doo mre w|shv f1 Wkh dvvxpswlrq t￿￿+=, ehlqj qhjdwlyh lq wkh fdvh ￿ @ 4 kdv wkh vdph h￿hfw/
dv zloo eh glvfxvvhg lq vhfwlrq 5171 Lq wkdw vhfwlrq/ zh zloo dovr prwlydwh wkh orzhu dqg xsshu




Lw lv xvhixo wr frpsduh rxu pdwfklqj whfkqrorj| zlwk wkh FUV pdwfklqj whfkqrorj| zklfk lv
iuhtxhqwo| xvhg lq wkh olwhudwxuh +h1j1 Slvvdulghv 4<<3,1 Ohw p eh wkh  rz ri frqwdfwv ehwzhhq





S3 j+f,gfgv @ ￿xy +47,
Wkh pdwfklqj hodvwlflwlhv zlwk uhvshfw wr x dqg y duh erwk htxdo wr rqh/ khqfh wkhlu vxp lv wzr/
zklfk lv wzlfh dv odujh dv lq wkh frqvwdqw uhwxuqv vshfl￿fdwlrq ri Slvvdulghv +4<<3,1 Khqfh/ lq
rxu prgho/ wkh frqwdfw udwh ri d mre vhhnhu/ p@x @ ￿y/ lv lqghshqghqw ri wkh qxpehu ri rwkhu mre
vhhnhuv rq wkh pdunhw/ dqg pxwdwlv pxwdqglv wkh vdph iru ydfdqflhv1 Wklv uxohv rxw frqjhvwlrq
h￿hfwv/ dv glvfxvvhg lq wkh lqwurgxfwlrq1 Krzhyhu/ prvw ri wkh hpslulfdo hylghqfh vxjjhvwv wkdw
uhwxuqv wr vfdoh duh forvh wr frqvwdqw/ vhh h1j1 Shwurqjror dqg Slvvdulghv +4<<<,19 K r zg rz h
vtxduh rxu dvvxpswlrq zlwk wkhvh hpslulfdo uhvxowvB Zh r￿hu wkuhh dujxphqwv1
9Qrw doo wkh hylghqfh uhmhfwv LUV1 \dvkly +4<<9, ￿qgv LUV lq wkh Lvudholdq pdwfklqj ixqfwlrq dqg Vklphu
+4<<<, jlyhv ghprjudsklfdo hylghqfh iru wkh XV wkdw vxssruwv wkh wklfn pdunhw h{whuqdolw| dujxphqwv11 Exughww
hw do1 +4<<7, dujxh wkdw lqfuhdvlqj uhwxuqv wr vfdoh duh revfxuhg ehfdxvh plvphdvxuhphqw +gxh wr djjuhjdwlrq
dqg iuhtxhqf| sureohpv lq wkh gdwd, ri wkh wuxh pdwfklqj ixqfwlrq1
;Iluvw/ wkh hpslulfdo uhvhdufk uhihuv wr wkh qxpehu ri uhdol}hg pdwfkhv/ zkloh rxu whfkqrorj|
uhihuv wr wkh qxpehu ri frqwdfwv ehwzhhq zrunhuv dqg ￿upv/ ru hyhq ehwwhu/ srwhqwldo frqwdfwv1
Qrw doo frqwdfwv zloo |lhog d pdwfk krzhyhu1 Wkh djhqwv lq rxu prgho uhvsrqg wr wkh juhdwhu
h!flhqf| ri wkh frqwdfw surfhvv qrw rqo| e| uhgxflqj wkhlu vhdufk vshoov/ exw dovr e| ehfrplqj
fkrrvlhu +uhvxowlqj lq d ehwwhu pdwfk txdolw|,1 Khqfh/ lqfuhdvlqj uhwxuqv lq wkh frqwdfw whfkqro0
rj| grhv qrw wudqvodwh rqh0wr0rqh lqwr uhwxuqv wr vfdoh lq uhdol}hg pdwfkhv1 Lw frxog eh dujxhg
wkdw wklv lvvxh fdq eh uhvroyhg e| xvlqj gdwd rq frqwdfwv/ ru uhihuudov lq wkh zruglqj ri Ehupdq
+4<<:,1 Wklv wulfn zloo qrw zrun hlwkhu vlqfh zkhq d Zdoo Vwuhhw vwrfn eurnhu vhhv d ￿khos zdqw0
hg￿ vljq lq d Kdpexujhu uhvwdxudqw/ kh lv xqolnho| wr uhsruw wklv hyhqw dv d uhihuudo1 Wklv w|sh ri
vhoi vhohfwlrq dyrlgv d orw ri srwhqwldo frqwdfwv wr wxuq lqwr uhihuudov1 Lw dovr h{sodlqv zk| vr ihz
mre r￿huv jhw uhmhfwhg1 Glvdssrlqwlqj dv lw lv/ wkhuh lv qr gluhfw zd| wr hvwdeolvk wkh uhwxuqv wr
vfdoh hodvwlflw| lq wkh frqwdfw whfkqrorj| iurp dq| h{lvwlqj gdwd vhw1 Dq lpsruwdqw jrdo ri rxu
dqdo|vlv lv wr hvwdeolvk wkh vl}h ri wkh h￿hfw ri dq lqfuhdvhg frqwdfw udwh rq wkh pdwfk txdolw|
dqg rq wkh qxpehu ri dffhswhg pdwfkhv/ vr wkdw rxu dvvxpswlrqv fdq eh whvwhg lqgluhfwo|1
Vhfrqg/ rqh kdv wr frqvlghu= zkdw lv vfdohB Reylrxvo|/ vd|lqj wkdw vfdoh pdwwhuv lv qrw wkh
vdph dv vd|lqj wkdw wkh XV oderu pdunhw zlwk 533 ploolrq lqkdelwdqwv lv pruh h!flhqw wkdq wkdw
ri wkh Qhwkhuodqgv zlwk rqo| 48 ploolrq lqkdelwdqwv1 D pruh xvhixo zd| wr dqdo|}h wkh h￿hfw ri
vfdoh rq wkh h!flhqf| ri wkh vhdufk surfhvv lv wr lqwhusuhw lw dv wkh ghqvlw| ri wkh oderu pdunhw1
Lq wkdw fdvh/ zh fdq frpsduh wkh ixqfwlrqlqj ri oderu pdunhwv lq iru h{dpsoh Pdqkdwwdq dqg
Z|rplqj1 Shu mre rshqlqj/ wkh qxpehu ri srwhqwldo fdqglgdwhv iru ￿oolqj d ydfdqf| lv pxfk
kljkhu lq Pdqkdwwdq wkdq lq wkh prxqwdlqv ri Z|rplqj1
Ilqdoo|/ doo h{lvwlqj hvwlpdwhv ri wkh uhwxuqv wr vfdoh sdudphwhu duh edvhg rq f|folfdo yduldwlrq
lq wkh qxpehu ri ydfdqflhv dqg xqhpsor|hg1 Wklv yduldwlrq lv d￿hfwhg e| doo nlqgv ri rxw0ri0
htxloleulxp surfhvvhv/ zklfk xvxdoo| duh qrw ixoo| prghoohg1 Zh vxvshfw wkdw wklv yduldwlrq grhv
wkhuhiruh qrw dghtxdwho| uh hfw gl￿huhqfhv lq wkh vfdoh +ru= ghqvlw|, ri d oderu pdunhw/ ohdglqj
wr d grzqzdugo| eldvhg hvwlpdwh ri wkh vfdoh hodvwlflw|1
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Dv d ehqfkpdun iru ixwxuh uhihuhqfh/ zh uhlwhudwh vrph ri wkh suhylrxv uhvxowv rq wkh iulfwlrqohvv
frqwlqxrxv w|sh frpsdudwlyh dgydqwdjh prgho/ vhh h1j1 Whxolqjv +4<<8/ 4<<<,1 Lq wklv vlpsoh
Zdoudvldq zruog/ wkh sur￿w pd{lpl}lqj vwudwhj| iru dq hpsor|hu zlwk d ydfdqf| ri w|sh f lv
vlpso| wr plqlpl}h +orj, frvw shu h!flhqf| xqlw/ wkdw lv= u+v, ￿ vf1 Zkhq wkhuh duh qr pdvv
srlqwv lq wkh glvwulexwlrq ri hlwkhu oderu vxsso| ru surgxfw ghpdqg/ wklv frvw fxuyh kdv d xqltxh
plqlpxp iru hdfk f1 Khqfh/ wkh dvvljqphqw ri zrunhuv wr mrev fdq eh ghvfulehg e| d rqh0wr0rqh
fruuhvsrqghqfh ehwzhhq v dqg f1 Wkh ￿uvw rughu frqglwlrq ri wkh frvw plqlpl}dwlrq sureohp
uhdgv=
u￿ ^v+f,‘ @ f +48,
zkhuh v+f, lv wkh rswlpdo dvvljqphqw iru mre f1 Gl￿huhqwldwlqj wklv ￿uvw rughu frqglwlrq zlwk
uhvshfw wr f |lhogv= u￿￿^v+f,‘v￿+f, @4 1 Vlqfh rxu vxshuprgxodu surgxfwlrq ixqfwlrq lpsolhv wkdw
v￿+f, A 3/ lw pxvw dovr eh wkdw u￿￿+v, A 31 Wklv lv wkh vhfrqg rughu frqglwlrq ri wkh frvw
plqlpl}dwlrq sureohp= wkh +orj, frvwv ri klulqj d zrunhu zlwk dq dgglwlrqdo xqlw ri vnloo duh
lqfuhdvlqj zkloh wkh orj uhwxuqv duh frqvwdqw/ qdpho| htxdo wr wkh ydoxh ri f iru wkdw ￿up1
<Wkh }hur sur￿w frqglwlrq ri ￿upv uhdgv= s+f,.v+f,f ￿ u^v+f,‘ @ 31 Vlqfh wklv frqglwlrq
dssolhv lghqwlfdoo| iru doo f/ lwv ￿uvw ghulydwlyh pxvw dovr dsso|1 Khqfh +wkh h￿hfw yld v+f, gursv
rxw e| wkh hqyhorsh wkhruhp,=
￿s￿+f,@v+f, +49,
Gl￿huhqwldwlqj d vhfrqg wlph |lhogv= ￿s￿￿+f,@v￿+f,@4 @u￿￿+v,1 Khqfh= s￿￿ +f, ? 31 Iru wkh fdvh
￿ @ 4/ s+f,@t+f, dqg khqfh s￿￿+f,@t￿￿+f,1 Wklv uhvxow prwlydwhv wkh dvvxpswlrq rq t%+f,
glvfxvvhg lq uhodwlrq wr htxdwlrq +46,1 Pruhryhu/ wkh orzhu dqg xsshu vxssruw ri t+f, iru ￿ @ 4
jxdudqwhh wkdw wkh orzhvw vnloo w|sh zloo eh hpsor|hg dw wkh vlpsohvw mre w|shv dqg pxwdwlv
pxwdqglv wkh vdph iru wkh kljkhvw vnloo w|sh1
D fuxfldo yduldeoh lq wklv prgho lv wkh vhfrqg ghulydwlyh ri wkh uhvhuydwlrq zdjh ixqfwlrq1
Vlqfh u￿￿ ^v+f,‘ @4 @v￿+f,/ lw lv d phdvxuh ri mre khwhurjhqhlw|1 Wkh kljkhu u￿￿+v,/ wkh pruh yduldwlrq
wkhuh h{lvwv lq mre frpsoh{lw| shu xqlw ri v1 Wklv h{sodlqv zk| u￿￿+v, lv wkh pdlq ghwhuplqdqw
ri wkh hodvwlflwlhv ri vxevwlwxwlrq dqg frpsohphqwdulw| ehwzhhq vnloo w|shv1 Wkh kljkhu u￿￿+v, lv/
wkh pruh khwhurjhqhrxv mrev duh dqg wkh ohvv hdv| zrunhuv duh vxevwlwxwdeoh/ vlqfh wkhlu uhodwlyh
surgxfwlylwlhv ydu| ehwzhhq mre w|shv1
Wkh hpslulfdo lpsolfdwlrqv ri wkh prgho duh lqyduldqw wr d olqhdu wudqvirupdwlrq ri v/ vlqfh
zh kdyh qrw |hw gh￿qhg wkh xqlwv ri phdvxuhphqw ri frpprglwlhv ri ydulrxv f w|shv1 Dq|
pxowlsolfdwlyh wudqvirupdwlrq ri v fdq eh devruehg e| dq rssrvlwh wudqvirupdwlrq ri f dqg dq|
dgglwlyh wudqvirupdwlrq ri f fdq eh devruehg e| d frpshqvdwlqj uhgh￿qlwlrq ri frpprglw| sulfhv
s+f,1 Krzhyhu/ u￿￿ +v, zloo eh d￿hfwhg e| d olqhdu wudqvirupdwlrq ri v/ zklfk pdnhv lw xqvxlwdeoh
dv d vxppdu| vwdwlvwlf wkdw fdq eh phdqlqjixoo| frpsduhg dfurvv wlph dqg vsdfh1
Whxolqjv dqg Ylhlud +4<<;, wkhuhiruh lqwurgxfhg wkh frpsoh{lw| glvshuvlrq sdudphwhu= ￿ +v, ￿
u￿￿+v,@u￿+v,21 Dv fdq eh fkhfnhg hdvlo|/ wklv sdudphwhu lv lqyduldqw wr d olqhdu wudqvirupdwlrq
ri v1: Wkh sdudphwhu edvlfdoo| ghwhuplqhv wkh ghjuhh ri vxevwlwxwdelolw| ri zrunhu w|shv lq
wklv w|sh ri hfrqrp|1 Iru wkh fdvh wkdw ￿ @3 / lw dovr kdv wkh qlfh lqwhusuhwdwlrq ri ehlqj
wkh frpsuhvvlrq hodvwlflw|/ phdvxulqj wkh shufhqwdjh ghfuhdvh lq wkh uhwxuq wr kxpdq fdslwdo
shu shufhqw lqfuhdvh lq wkh ydoxh ri kxpdq fdslwdo lq wkh hfrqrp|1 Lw jryhuqv wkhuhiruh wkh
frpsuhvvlrq ri zdjh gl￿huhqwldov lq frxuvh ri wkh dffxpxodwlrq ri kxpdq fdslwdo/ vhh Whxolqjv
+4<<<,1 Zh vkdoo vkrz odwhu rq wkdw wklv frpsoh{lw| glvshuvlrq sdudphwhu lv dovr fuxfldo lq
ghwhuplqlqj wkh pdjqlwxgh ri vhdufk iulfwlrqv lq wkh hfrqrp|1 Wkhuh lv d vlpsoh lqwxlwlrq iru
wklv uhvxow1 Wkh pruh hdv| zrunhu w|shv fdq eh vxevwlwxwhg ehwzhhq mre w|shv +vxevwlwxwlrq lv
shuihfw zkhq wkh frpsoh{lw| glvshuvlrq sdudphwhu htxdov }hur,;/ wkh orzhu wkh surgxfwlylw| orvv
gxh wr vxerswlpdo pdwfklqj zloo eh/ dqg khqfh/ wkh zlghu wkh pdwfklqj vhwv zloo eh1 Ehfdxvh
zrunhuv ehfrph ohvv fkrrv|/ wkh h{shfwhg xqhpsor|phqw gxudwlrq zloo idoo1 Zh zloo dsso| wklv
frqfhsw zkhq glvfxvvlqj wkh vlpxodwlrq uhvxowv1
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sdudphwhu jf gursv rxw e| gl￿huhqwldwlrq dqg wkh sdudphwhu j￿ fdqfhov lq wkh qxphudwru dqg ghqrplqdwru1
;Wklv frqfhsw vkrxog eh glvwlqjxlvkhg iurp #/ zklfk phdvxuhv vxevwlwxwlrq ehwzhhq wkh surgxfwv ri ydulrxv
S0w|shv rq frpprglw| pdunhwv/ vhh Whxolqjv +4<<<,1
43Htxdwlrqv +9,/ +:, dqg +43, lpphgldwho| uhyhdo wkdw lw lv gl!fxow wr dfklhyh dqdo|wlfdo uhvxowv1
Wkh| doo lqyroyh wkh fdofxodwlrq ri lqwhjudov ri zklfk erwk wkh lqwhjudqg dqg wkh lqwhjudwlrq
erxqgdulhv duh hqgrjhqrxv1 Lw lv suhflvho| wklv frpsoh{lw| zklfk kdv surklelwhg surjuhvv lq
wklv w|sh ri prghov1 Wkhuhiruh/ zh dwwdfn wklv sureohp e| irfxvlqj rq vhfrqg rughu Wd|oru
h{sdqvlrqv zklfk zloo eh glvfxvvhg lq ghwdlo lq wkh qh{w vhfwlrq1 Wkh iroorzlqj Gh￿qlwlrq dqg
Wkhruhp hvwdeolvk d qxpehu ri fkdudfwhulvwlfv ri wkh htxloleulxp wkdw duh eh fuxfldo iru rxu
Wd|oru h{sdqvlrqv wr pdnh vhqvh1
Gh￿qlwlrq D vwhdg| vwdwh vhdufk htxloleulxp lv gh￿qhg dv d vh{whw
iu+v,>j+f,>k+v,>s+f,>p S+v,>p r+f,j/ vdwlvi|lqj wkh ixqfwlrqdo htxdwlrqv +9,/ +:,/ +45,/ wkh wzr
htxdwlrqv lq +<,/ dqg +43,1
Vlqfh rxu surgxfwlrq ixqfwlrq lv qrqqhjdwlyh/ orj vxshuprgxodu/ v|pphwulf/ frqwlqxrxv dqg
dw ohdvw wzlfh gl￿huhqwldeoh/ zh uhihu wr Vklphu dqg Vplwk +4<<<, iru dq h{lvwhqfh surri1<
Wkhruhp 4 Xqghu wkh dvvxpswlrqv ri 514/ wkh iroorzlqj frqglwlrqv krog lq vhdufk htxloleulxp=
41 u+v,/ s+f,/ dqg {+v>f, duh wzlfh gl￿huhqwldeoh>
51 u￿+v, A 3/ u￿￿+v, A 3/ s￿￿+f, ? 3>
61 {rr+v>f, ? 3 dqg {SS+v>f, ? 3>
71 wkh vhwv pS+v, dqg pr+f, duh frqqhfw>






Wkh surri ri sduw 8 uhtxluhv vrph qrwdwlrq zklfk zloo sod| d fuxfldo uroh lq wkh vxevhtxhqw
dqdo|vlv1 Zh lqwurgxfh ixqfwlrqv zklfk ghqrwh wkh ydoxhv ri f dqg v wkdw pd{lpl}h wkh pdwfk
vxusoxv {+v>f, iru d sduwlfxodu ydoxh ri v dqg f uhvshfwlyho|=
f+v, ￿ h fmi{+v>h f, ￿ {+v>f,>;fj +4:,
v+f, ￿ h vmi{+h v>f, ￿ {+v>f,>;vj
E| wklv gh￿qlwlrq dqg sduw 4 ri Wkhruhp 4/ {S ^v>f+v,‘ @3dqg {r ^v+f,>f‘ @3 1 Khqfh=
￿s￿ ^f+v,‘ @ v/ ￿s￿￿ ^f+v,‘f￿+v, @4 / u￿ ^v+f,‘ @ f/d q gu￿￿ ^v+f,‘f￿+v, @4 1 Iru ixwxuh uhihuhqfh/
zh gh￿qh wkh lqyhuvh ixqfwlrq ri v+f,= v^g+v,‘ ￿ v1 E| wklv gh￿qlwlrq zh kdyh u￿+v, @ g+v, dqg
u￿￿+v, @ g￿+v,1 Wkh surri fdq eh irxqg lq Dsshqgl{ 41
Wkhruhp 4 surylghv d qxpehu ri lpsruwdqw fkdudfwhulvwlfv ri wkh htxloleulxp1 Sduw 5 vwdwhv
wkdw wkh fkdudfwhulvwlfv ri wkh Zdoudvldq htxloleulxp +48, dqg wkh vhfrqg rughu frqglwlrq u￿￿+vb , A
3 dqg wkh frqglwlrq s￿￿+f, ? 3 fduu| ryhu wr wkh vhdufk htxloleulxp1 Wkh frqglwlrqv rq wkh vhfrqg
<Wkh surri lv edvhg rq d ￿{hg srlqw dujxphqw ri dq dssursuldwh pds ri wkh djhqw*v frqwlqxrxv ydoxh ixqfwlrqv
lqwr lwvhoi1 Wudqvodwhg wr rxu prgho= Jlyhq wkh FHV xwlolw| ixqfwlrq +45,/ frqglwlrq +7, pdsv wkh uhvhuydwlrq zdjhv
lqwr pdwfklqj vhwv/ frqglwlrq +43, pdsv pdwfklqj vhwv 6SEr￿ dqg 6rES￿ lqwr xqpdwfkhg ghqvlwlhv dqg frqglwlrqv
+9,/ dqg +:, duh wkh frpsrvlwh pdsv ri ydoxhv pdsslqj xqpdwfkhg zrunhuv dqg ydfdqflhv lqwr qhz ydoxhv1 D
vhdufk htxloleulxp lv d ￿{hg srlqw ri wkhvh pdsslqjv1
44ghulydwlyhv lpso| wkdw wkh vxusoxv {+v>f, kdv dw prvw d vlqjoh lqwhulru pd{lpxp lq f +dqg v,
nhhslqj v +dqg f, ￿{hg +sduw 6 ri wkhruhp 4,1 Wkrvh pd{lpd duh gh￿qhg deryh dv f+v, dqg
v+f, uhvshfwlyho|1 Dq lqvshfwlrq ri +9, vkrzv wkdw wklv pd{lpxp pxvw qhfhvvdulo| eh srvlwlyh/ li
ydfdqflhv ri wkdw f0w|sh h{lvw1 Khqfh/ wkhuh duh dw prvw wzr vroxwlrqv iru wkh htxdwlrq {+v>f,@3
+nhhslqj hlwkhu v ru f ￿{hg,1 E| wklv ihdwxuh dqg e| wkh gl￿huhqwldelolw| ri {+v>f,/ pdwfklqj
vhwv duh frqqhfw1 Wkhlu xsshu dqg orzhu erxqgv duh xszdug vorslqj/ vr wkdw ￿rq dyhudjh￿ ehwwhu
vnloohg zrunhuv duh pdwfkhg wr pruh frpsoh{ mrev1 Dv phqwlrqhg ehiruh/ Vklphu dqg Vplwk
+4<<<, jlyh d pruh jhqhudo surri iru srvlwlyh dvvruwdwlyh pdwfklqj wr dulvh1 Wkh| vkrz wkdw
orj0vxshuprgxodulw| ri wkh surgxfwlrq ixqfwlrq lv d vx!flhqw jhqhudo frqglwlrq
Xqghu wkh dvvxpswlrqv pdgh/ wkh ehvw zrunhu iru d mre ri w|sh f lv dq lqwhulru srlqw ri wkh
pdwfklqj vhw ri f1 Wkh lqwxlwlrq iru wklv lv wkh iroorzlqj1 Vrph zrunhuv lq wkh pdwfklqj vhw ri
wklv mre zloo kdyh pruh vnloov wkdq wkh zrunhu zkr jhqhudwhv wkh kljkhvw rxwsxw1 Wkh wkuhdw
srlqw ri wkrvh zrunhuv lq wkh zdjh edujdlq lv vr kljk wkdw wkh ￿up uhfhlyhv rqo| d vpdoo vkduh ri
wkh rxwsxw1 Rq wkh rwkhu kdqg/ vrph zrunhuv lq wkh mre*v pdwfklqj vhw duh ohvv surgxfwlyh wkdq
wkh ￿up*v idyrulwh zrunhu1 Dowkrxjk wkh ￿up kdv d vwurqj edujdlqlqj srvlwlrq zkhq edujdlqlqj
zlwk vxfk d orz surgxfwlylw| zrunhu/ wkh wrwdo vxusoxv lv wrr vpdoo1 Wkh ￿up*v idyrulwh zrunhu
w|sh olhv lq ehwzhhq wkh deryh ghvfulehg fdvhv1
Wkh vlwxdwlrq lv ghslfwhg judsklfdoo| lq Iljxuh 4061
ILJXUH 4 DERXW KHUH
Iljxuh 4 vkrzv wkh vxusoxv +wkh duhd ehwzhhq wkh +orj, ydoxh0dgghg0orfxv dqg wkh uhvhuydwlrq0
zdjh0orfxv iru d jlyhq mre w|sh f1 Wkh vxusoxv uhdfkhv d pd{lpxp zkhq wkh mre lv rffxslhg
e |dw | s hv+f, zrunhu1 Lq wkh Zdoudvldq fdvh/ doo w|sh f mrev zloo eh pdwfkhg zlwk w|sh v+f,
zrunhuv ehfdxvh rqo| wkhuh/ erwk orfl duh wdqjhqw +u￿+v, @ f e| wkh ￿uvw rughu frqglwlrq/ dqg
s+f, . v+f,f @ u^v+f,‘ e| wkh }hur sur￿w frqglwlrq,1 Iljxuh 5 vkrzv wkh vxusoxv iru d jlyhq
zrunhu w|sh/ v1
ILJXUH 5 DERXW KHUH
Zkhq vxfk d zrunhu/ v/ phhwv d mre w|sh/ fn+v, ru f3+v,> kh lv lqgl￿huhqw ehwzhhq wklv
pdwfk ru uhpdlqlqj xqhpsor|hg1 Zkhq kh phhwv d mre lq ?f n>f 3 A wkh pdwfk ydoxh h{fhhgv
wkh rswlrq ydoxh ri zdlwlqj iru d ehwwhu pdwfk soxv klv ydoxh ri ohlvxuh E1 Iljxuh 6 vkrzv wkh
ixqfwlrqv v+f,/ f+v,/ f3+v, dqg fn+v, lq wkh v>f0vsdfh/ iru wkh hfrqrp| dv d zkroh1
ILJXUH 6 DERXW KHUH
Reylrxvo|/ wkh pd{lpd v+f, dqg f+v, duh lq ehwzhhq wkh xsshu dqg wkh orzhu erxqg1 Wkh
vkdghg duhd uhsuhvhqwv wkh vxusoxv iru zrunhu w|sh v￿1Z k h qf @ f+v, iru d sduwlfxodu v/ wkhq
lw lv qrw qhfhvvdulo| wuxh wkdw v @ v+f, iru wkdw sduwlfxodu f1 Lq rwkhu zrugv/ wkh lqyhuvh ri v+f,/
ghqrwhg g+v,/ lv qrw qhfhvvdulo| htxdo wr f+v,1 Khuh/ wkh iroorzlqj uhvxow zloo suryh wr eh khosixo=




Wkh surri ri wklv uhvxow lv vlpsoh1 E| wkh gh￿qlwlrq ri f+v,/ {S ^v>f+v,‘ @3 1 Khqfh/ wkh uhvxow
dssolhv li {r ^v>f+v,‘ @3 1 E| wkh gh￿qlwlrq ri v+f,/ wklv lv wkh fdvh zkhq v @ v^f+v,‘/r u
htxlydohqwo|/ zkhq g+v, @ f+v,1 T1H1G1
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Wkh pdlq revwdfoh wr dfklhyh surjuhvv lq wkh dqdo|vlv ri htxloleulxp vhdufk prghov/ ri zklfk wkh
prgho lq wklv sdshu lv dq h{dpsoh/ lv wkh hydoxdwlrq ri wkh lqwhjudov ri wkh w|sh wkdw vkrz xs lq wkh
uljkw kdqg vlgh ri htxdwlrq +9,1 Rxu lqqrydwlrq lv wkdw zh xvh d vhfrqg rughu Wd|oru h{sdqvlrq
wr dssur{lpdwh wkh ydoxh ri wklv lqwhjudo1 Iru wklv sxusrvh/ zh ehqh￿w iurp wkh fkdudfwhulvwlfv
ri wkh vxusoxv {+v>f,/ zklfk kdv d qhjdwlyh vhfrqg ghulydwlyh lq erwk lwv dujxphqwv1 Vlqfh
wkh fdofxodwlrq ri wkh lqwhjudo uhtxluhv wkh hydoxdwlrq ri {+v>f, durxqg lwv pd{lpxp/ lw lv d
vwudljkwiruzdug lghd wr dssur{lpdwh wklv ixqfwlrq e| d sduderod1 Wklv dssur{lpdwlrq uhtxluhv
wkh pd{lpxp vxusoxv {^v>f+v,‘ wr eh uhodwlyho| vpdoo1 Lq wkh Zdoudvldq fdvh/ wklv vxusoxv htxdov
}hur1 Khqfh/ rxu dssur{lpdwlrq dssolhv dv orqj dv zh gr qrw pryh wrr idu iurp wkh frpshwlwlyh































Wkh ghulydwlrq ri wkhvh uhodwlrqv fdq eh irxqg lq Dsshqgl{ 51 Iljxuh 7 surylghv d vlpsoh
lqwxlwlrq iru wklv uhvxow1
ILJXUH 7 DERXW KHUH
Iluvw/ zh dsso| dq dssur{lpdwlrq iru wkh lqwhjudqg= h%ErcS￿￿4 * {+v>f,1 Wklv dssur{lpdwlrq
dssolhv/ olnh doo rxu dssur{lpdwlrqv/ iru vpdoo {+v>f,/ wkdw lv/ forvh wkh Zdoudvldq rswlpxp1 Qh{w/
wkh pd{lpxp ri wkh lqwhjudqg ri wkh grpdlq ri lqwhjudwlrq fdq eh dssur{lpdwhg e| d vhfrqg
rughu Wd|oru h{sdqvlrq= {^v>f+v,‘ *￿ ￿
2{SS ^v>f+v,‘￿2/ zkhuh ￿@fn+v, ￿ f+v, @ f+v, ￿ f3+v,1
Zh dsso| {SS ^v>f+v,‘ @ s￿￿ ^f+v,‘ @ ￿f￿+v,3￿1 Khqfh/ wkh vxuidfh ri wkh uhfwdqjoh 5+D.E, lq
Iljxuh 7 htxdov 5￿{^v>f+v,‘ @ 5
t
5f￿+v,{^v>f+v,‘
￿1 Lqwhjudwlrq ryhu d sduderod |lhogv wkh
uhvxow wkdw wzr wklugv ri wklv vxuidfh lv ehorz wkh sduderod1 Wkh deryh dujxphqw lpsolhv wkdw
wkh dyhudjh vxusoxv ri d zrunhu ri w|sh v deryh khu orj uhvhuydwlrq zdjh u+v,>duhd D/ fdq eh
dssur{lpdwhg e| 2
￿{^v>f+v,‘/ ru e| d frpsohphqwdu| dujxphqw/ wkh dyhudjh orvv uhodwlyh wr wkh
Zdoudvldq rswlpxp/ duhd E lv= ￿
￿{^v>f+v,‘1
E| vxevwlwxwlqj wkhvh h{sdqvlrqv lq +9,/ +:,/ dqg +43,/ wkh prgho fdq eh zulwwhq dv d v|vwhp

































zkhuh zh kdyh vxevwlwxwhg g+v, iru f iru dqg v^g+v,‘ @ v iru v+f, lq htxdwlrq +:,1
Dowkrxjk htxdwlrq +54, lv d juhdw vlpsol￿fdwlrq frpsduhg wr wkh v|vwhp ri htxdwlrqv +9,/
+:, dqg +43,/ wkh fdofxodwlrq ri wkh htxloleulxp lv vwloo d kxjh wdvn1 Zh qhhg wr dsso| wkhuhiruh
wzr ixuwkhu dssur{lpdwlrqv/ zklfk juhdwo| vlpsoli| rxu v|vwhp ri htxdwlrqv1 Wkh ￿uvw ri wkhvh
46dssur{lpdwlrqv kdv d fohdu mxvwl￿fdwlrq/ wkh qh{w dssolhv rqo| xqghu d sduwlfxodu dvvxpswlrq1
Rxu dssurdfk zloo eh wr glvfxvv wkh dssur{lpdwlrqv dqg wkhlu lpsolfdwlrqv h{whqvlyho| khuh dqg
wr whvw wkhlu dssolfdelolw| e| frpsdulqj wkhp zlwk wkh qxphulfdo htxloleulxp iru wkh ixoo prgho1
Wkhuh lv qr kdup lq uhyhdolqj dw wklv srlqw wkdw rxu dssur{lpdwlrqv gr vxusulvlqjo| zhoo1
Iluvw/ zh dsso| wkh vwdqgdug dvvxpswlrq wkdw wkh xqhpsor|phqw udwh lv forvh wr }hur= ￿
￿3￿
￿ @
x/ dqg wkdw wklv krogv iru hdfk zrunhu w|sh/ v=
￿Er￿
,Er￿3￿Er￿
￿ @ k+v,1 Vhfrqg/ zh dvvxph wkdw
g+v,@f+v,1 D ohjlwlpdwlrq iru wklv dvvxpswlrq lv wkdw erwk f+v, dqg g+v, duh lq wkh vhw pS+v,1
Lq d iulfwlrqohvv oderu pdunhw/ wklv vhw frqyhujhv wr d vlqjoh srlqw/ vr wkdw wkh dvvxpswlrq lv qr
orqjhu dq dssur{lpdwlrq1 Wklv lv wkh rqh0wr0rqh fruuhvsrqghqfh uhvxow iru wkh Zdoudvldq yhuvlrq
ri wkh prgho zklfk zh glvfxvvhg lq Vhfwlrq 5171 Krzhyhu/ lq wkh v|vwhp ri htxdwlrqv +54, erwk
{^v>f+v,‘ dqg {^v>g+v,‘ vkrz xs1 Vlqfh lq wkh Zdoudvldq fdvh erwk {^v>f+v,‘ dqg {^v>g+v,‘
frqyhujh wr }hur/ zh kdyh qr foxh derxw wkhlu uhodwlyh pdjqlwxgh1 Htxdwlrq +4;, vkrzv wkdw
wkh dvvxpswlrq wkdw f+v, @ g+v, dssolhv li dqg rqo| li {^v>f+v,‘ grhv qrw ydu| zlwk v1 Wkhvh
vlpsol￿fdwlrqv doorz iru wkh ixoo fkdudfwhul}dwlrq ri wkh htxloleulxp wkdw zloo eh glvfxvvhg lq wkh
qh{w vhfwlrq1
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Xvlqj wkh uhodwlrq f+v, @ g+v, dqg
￿Er￿
,Er￿3￿Er￿






















zkhuh {W+v, ￿ {^v>f+v,‘/ T ￿
E4nB￿2
BqE￿3q￿b/ EW+v, ￿ 4 ￿ ￿
-Er￿/d q gNW+v, ￿ g
-Er￿1 Htxdwlrqv
+55, dqg +56, jlyh d ixoo fkdudfwhul}dwlrq ri wkh htxloleulxp iru ￿ @ 4143 Wkh v|vwhp jlyhv
d vlpsoh dffrxqw ri wkh irufhv jryhuqlqj wkh vl}h ri wkh vhdufk0vxusoxv {W +v, lq wkh hfrqrp|/
dqg lwv uhodwlrq wr wkh udwh ri xqhpsor|phqw/
￿Er￿
,Er￿ / dqg wkh qxpehu ri ydfdqflhv shu xqlw ri
oderu vxsso|/ j^f+v,‘1 Vlqfh {W +v, lv htxdo wr wkh uhodwlyh gl￿huhqfh ehwzhhq pd{lpxp rxwsxw
dwwdlqdeoh dqg wkh plqlpxp rxwsxw dffhswdeoh +l1h1= wkh uhvhuydwlrq zdjh,/ lw lv d phdvxuh ri
wkh lqyhuvh ri wkh pdwfk txdolw|1 Wkh vxusoxv {W+v, ghshqgv rq d frpsrvlwh sdudphwhu T1 Wklv
sdudphwhu uh hfwv d qxpehu ri idfwruv1 Iluvw/ wkh frvwv ri zdlwlqj iru d ehwwhu pdwfk uhodwlyh
wr wkh h{shfwhg gxudwlrq ri wkh pdwfk/
E4nB￿2
B / hqwhu srvlwlyho|/ ehfdxvh djhqwv dffhsw d orzhu
pdwfk txdolw| zkhq wkh frvwv ri zdlwlqj ulvh1 Vhfrqg/ wkh glvwulexwlrq ri edujdlqlqj srzhu
pdwwhuv/ ￿ +4 ￿ ￿,1 Pdwfk txdolw| lv pd{lpdo iru ￿ @ ￿
21 Ilqdoo|/ wkh vl}h ri wkh oderu pdunhw ￿
hqwhuv qhjdwlyho|1 Wklv fdswxuhv wkh h￿hfw wkdw djhqwv wudgh d kljkhu pdwfk txdolw| iru d orzhu
43Iru # ’f cS ￿Er￿ uhpdlqv wr eh ghwhuplqhg1
47dffhswdqfh suredelolw| zkhq wkh r￿hu duulydo udwh jrhv xs gxh wr dq lqfuhdvh lq wkh vl}h ri wkh
pdunhw1
Ehvlghv T/ wkh vxusoxv ghshqgv srvlwlyho| rq rqh plqxv wkh uhsodfhphqw udwh EW+v, dqg wkh
udwlr ri fdslwdo frvwv wr uhvhuydwlrq zdjhv NW+v,1 Wkhvh h￿hfwv fdswxuh wkh lghd wkdw pdwfk
txdolw| idoov zkhq wkh frvwv ri xqhpsor|phqw dqg wkh frvwv ri pdlqwdlqlqj d ydfdqf| jr xs1
Wkh glvwulexwlrq ri oderu vxsso| o+v, hqwhuv qhjdwlyho|1 Wklv lv d pluuru lpdjh ri wkh h￿hfw ri ￿1
Zkhwkhu rqh lqfuhdvhv wkh vl}h ri d sduwlfxodu vhjphqw ri wkh pdunhw/ hlwkhu e| d jhqhudo lqfuhdvh
lq vxsso| ru e| d frqfhqwudwlrq ri vxsso| lq wkdw sduwlfxodu vhjphqw/ lq erwk fdvhv pdwfk txdolw|
jrhv xs e| wkh vdph dprxqw1 Iru pdq| glvwulexwlrq ixqfwlrqv/ wkhuh zloo eh d orzhu ghqvlw| lq
erwk wdlov1 Khqfh/ vhdufk iulfwlrqv duh odujhu lq erwk h{wuhphv ri wkh vnloo glvwulexwlrq1 Ilqdoo|/
wkh glvshuvlrq lq mre frpsoh{lw| shu xqlw ri wkh vnloo glvwulexwlrq/ f￿+v,/ lqfuhdvhv wkh vxusoxv1
Khuh/ wkh lqwxlwlrq lv wkdw zkhq frpsoh{lw| glvshuvlrq lqfuhdvhv/ wkh ohvv vxevwlwxwdeoh zloo eh
zrunhu w|shv dfurvv mrev dqg wkh odujhu zloo eh wkh frvw ri vxe0rswlpdo dvvljqphqw1 Zh vkdoo
uhwxuq wr wklv lvvxh lq juhdwhu ghswk lq Vhfwlrq :141
D uhpdundeoh frqfoxvlrq ri htxdwlrq +55, lv wkdw wkh hodvwlflwlhv ri wkh uhodwlrqv glvfxvvhg
deryh gr qrw ghshqg rq dq| ri wkh prgho*v sdudphwhuv1 Iru h{dpsoh/ rqh plqxv wkh uhsodfhphqw
udwh hqwhuv zlwk dq hodvwlflw| ri 2
D @3 =71 Wklv uhvxow xqghuvfruhv wkh hfrqrplf xvhixoqhvv ri
dsso|lqj Wd|oru h{sdqvlrqv= wkh hodvwlflwlhv lq wklv htxloleulxp vhdufk prgho duh ghwhuplqhg e|
wkh srzhuv ri wkh ￿uvw qrq0ydqlvklqj whupv ri wkh wkuhh vwuxfwxudo htxdwlrqv ri wkh prgho/ wkh
htxdwlrqv iru wkh ydoxhv ri vhdufk iru mre0vhhnhuv dqg ￿upv dqg wkh  rz htxloleulxp frqglwlrq/
vhh htxdwlrq +54,1
Erwk wkh xqhpsor|phqw dqg ydfdqf| htxdwlrqv +56, dqg +57, uhvshfwlyho|/ duh uhodwhg wr wkh
vxusoxv e| vlpsoh olqhdu uhodwlrqv/ zkhuh zh kdyh wr dffrxqw iru wkh Mdfreldq ri wkh wudqvirupd0
wlrq iurp f wr v/ f￿ +v,/ lq wkh fdvh ri ydfdqflhv1 Wkh lqwxlwlrq iru wkhvh olqhdu uhodwlrqv lv djdlq
wkdw djhqwv uhvsrqg wr dq| lqfuhdvh lq vhdufk iulfwlrqv dorqj wzr fkdqqhov= wkh| vshqg pruh
wlph lq wkh vhdufk vwdwh/ zklfk uhvxowv lq dq lqfuhdvh lq xqhpsor|phqw dqg ydfdqflhv/ dqg wkh|
uhgxfh wkhlu uhvhuydwlrq pdwfk txdolw|/ zklfk |lhogv dq lqfuhdvh lq {W+v,1 Rqo| d fkdqjh lq ￿
|lhogv dq dv|pphwulf uhvsrqvh ri xqhpsor|phqw dqg ydfdqflhv1 Djdlq/ wkhuh lv d fohdu lqwxlwlrq
iru wklv uhvxow1 Wkh kljkhu ￿/ wkh odujhu wkh zrunhuv h{shfwhg uhwxuq wr vhdufk lv dqg wkh juhdwhu
wkhuhiruh wkhlu zloolqjqhvv wr lqyhvw lq vhdufk1 Wklv h{sodlqv zk| wkh prgho euhdnv grzq li zh
dwwulexwh wkh zkroh vxusoxv hlwkhu wr wkh zrunhuv +￿ @4 ,r uw r￿ u p v+ ￿ @3 ,1 Lq wkdw fdvh/
wkh rwkhu vlgh kdv qr lqfhqwlyhv iru vhdufk zkdwvrhyhu/ vr qrerg| zloo hqwhu wkh pdunhw1 Wklv
dovr h{sodlqv zk| pdwfk txdolw| lv odujhvw iru ￿ @ ￿
21 Ilqdoo|/ dq lqfuhdvh lq wkh lqwhuhvw udwh
ru d ghfuhdvh lq wkh h{shfwhg gxudwlrq ri d mre uhgxfhv xqhpsor|phqw uhodwlyh wr pdwfk txdolw|
ehfdxvh wkh uhwxuqv rq wkh lqyhvwphqw lq vhdufk duh glvfrxqwhg pruh khdylo|1
Dq lpsruwdqw lvvxh lv wkh pdjqlwxgh ri wkh uhwxuqv wr vfdoh lq wkh pdwfklqj surfhvv wkdw lv
lpsolhg e| wkh prgho1 Rxu frqwdfw whfkqrorj| lpsolhv d uhwxuqv wr vfdoh hodvwlflw| ri 5= grxeolqj
erwk wkh qxpehu ri mre vhhnhuv dqg ydfdqflhv txdguxsohv wkh qxpehu ri frqwdfwv1 Krzhyhu/ sduw
ri wkh h￿hfw ri wklv lqfuhdvh lq frqwdfwv rq wkh qxpehu ri uhdol}hg pdwfkhv zloo eh xqgrqh e| mre
vhhnhuv ehfrplqj pruh fkrrv| derxw wkh mrev wkh| duh zloolqj wr dffhsw +dqg pxwdwlv pxwdqglv
wkh vdph iru ￿upv,1 Wkh vl}h ri wklv h￿hfw fdq eh rewdlqhg e| frqvlghulqj wkh lpsolfdwlrqv ri
d fkdqjh lq wkh sdudphwhu phdvxulqj wrwdo oderu vxsso|/ ￿ @ ￿WO1 E| htxdwlrqv +55, dqg +56,/
zkhuh ￿ hqwhuv wkurxjk T/ wkh hodvwlflwlhv ri wkh vxusoxv {W+v, dqg khqfh wkh xqhpsor|phqw udwh
k+v, zlwk uhvshfw wr ￿ duh htxdo wr 3=71 Wkh htxdwlrq iru wkh qxpehu ri ydfdqflhv shu xqlw ri
oderu vxsso|/ j^f+v,‘/ kdv wkh vdph hodvwlflw| zlwk uhvshfw wr ￿ ri 3=71 Khqfh/ d 4 ( lqfuhdvh lq
48wrwdo oderu vxsso| lqfuhdvhv wkh wrwdo qxpehu ri ydfdqflhv dqg xqhpsor|hg e| +40317,( @ 319(1
E| wkh  rz htxloleulxp dqg wkh frqvwdqf| ri wkh vhsdudwlrq udwh ￿/ wkh qxpehu ri pdwfkhv
ydulhv sursruwlrqdoo| wr ￿ +doprvw/ xs wr d idfwru 4￿x,1 D 319 ( lqfuhdvh lq erwk lqsxwv lq wkh
p d w f k l q js u r f h v v| l h o g vw k h u h i r u hd4(l q f u h d v hl qw k hq x p e h ur ip d w f k h v 1W k hu h w x u q vw rv f d o h
hodvwlflw| fdq wkhq eh fdofxodwhg wr eh htxdo wr ￿
f￿S @4 =991 Khqfh/ rqh wklug ri wkh lqfuhdvlqj
uhwxuqv lq wkh frqwdfw whfkqrorj| duh devruehg e| d juhdwhu fkrrvlqhvv ri mre vhhnhuv dqg ￿upv1
Dffrxqwlqj iru vrph grzqzdug eldv lq prvw hvwlpdwhv gxh wr wkh plvphdvxuhphqw ri wkh vfdoh
frqfhsw dqg gxh wr djjuhjdwlrq eldv ryhu wlph +vhh Exughww hw do1 +4<<7,,/ wklv qxpehu pljkw
zhoo eh zlwklq wkh frq￿ghqfh lqwhuydo ri prvw hpslulfdo vwxglhv ri wkh pdwfklqj ixqfwlrq44
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Lq d vlqjoh zrunhu0vlqjoh mre zruog/ h!flhqf| fdq eh dfklhyhg zkhq wkh Krvlrv +4<<3, frqglwlrq
lv vdwlv￿hg= wkh zrunhuv* vkduh ri wkh pdwfk vxusoxv lv htxdo wr klv pdujlqdo frqwulexwlrq wr wkh
pdwfklqj surfhvv1 Lq d zruog zlwk lqfuhdvlqj uhwxuqv/ h!flhqf| fdq qhyhu eh dfklhyhg ehfdxvh
wkhuh lv lqvx!flhqw rxwsxw wr uhzdug hdfk idfwru e| lwv pdujlqdo frqwulexwlrq1 Wkh lvvxh ri
h!flhqf| jhwv pruh frpsolfdwhg zkhq wkh khwhurjhqhlw| ri wkh zrunirufh lv wdnhq lqwr dffrxqw
ehfdxvh lq wkdw fdvh/ wkh glvwulexwlrq ri wkh vxusoxv ryhu wkh gl￿huhqw zrunhu w|shv dovr ehfrphv
dq lvvxh1 Krzhyhu/ pdwwhuv duh vlpsol￿hg e| wkh idfw wkdw wkh xwlolw| ixqfwlrq +45, lv krprwkhwlf/
zklfk lpsolhv wkdw zh fdq vhsdudwh ehwzhhq h!flhqf| dqg glvwulexwlrq lvvxhv1
Zkhq zh dvvxph wkdw frvwohvv uhglvwulexwlrq srolflhv duh dydlodeoh/ dq| h!flhqw rxwfrph pxvw
dozd|v pd{lpl}h qhw djjuhjdwh rxwsxw1 Vlqfh wkhuh duh qr fkrlfh yduldeohv lqyroyhg lq rqjrlqj
pdwfkhv dqg vlqfh hpsor|huv dozd|v jhw wkhlu rxwvlgh rswlrq gxh wr wkh iuhh hqwu| frqglwlrq/
pd{lpl}lqj djjuhjdwh rxwsxw lv htxlydohqw wr pd{lpl}lqj wkh vxp ri wkh dvvhw ydoxhv ri mre





















zkhuh UJ+v, ghqrwhv wkh dvvhw ydoxh ri d mre vhhnhu dqg zkhuh pJ
S+v, ghqrwhv wkh pdwfklqj vhw
wkdw lv edvhg rq wklv dvvhw ydoxh1 Wkh wdvn ri d vrfldo sodqqhu zrxog eh wr fkrrvh UJ+v, dqg j+f,
vxfk wkdw V +￿, lv pd{lpl}hg1 Wkh ￿uvw rughu frqglwlrq iru j+f, uhdgv V}ES￿ ^j+=,>k+=,‘ @3 1E |
gxdolw|/ wkh ￿uvw rughu frqglwlrq iru UJ+v, lv lghqwlfdo wr wkh frqglwlrq V￿Er￿ ^j+=,>k+=,‘ @ UJ+v,/
zkhuh wkh vx!fhv uhihu wr wkh sduwldo ghulydwlyhv ri wkh lqwhjudqgv iru hdfk f dqg v uhvshfwlyho|145
44Lqfuhdvhv lq u/ lqghshqghqw ri b
W duh uduh lq uhdolw|1 Wkh iroorzlqj h{dpsoh looxvwudwhv wklv1Zkhq wkh HF
frxqwulhv rshqhg wkhlu erughuv iru zrunhuv iurp rwkhu frxqwulhv/ u lqfuhdvhg hqruprxvo|1 Krzhyhu/ wkh suredelolw|
iru d zrunhu lq Olverq wr phhw d ydfdqf| lq Ehuolq lv pdq| wlphv vpdoohu wkdq wr phhw d ydfdqf| lq Olverq1 Lq
rwkhu zrugv/ b ’ b
Wu/ glg qrw fkdqjh yhu| pxfk1
45Wkh dqdorjxh ri wkh htxdwlrq iru -Er￿ iroorzv iurp wkh ￿uvw rughu frqglwlrq iru ￿Er￿1 Iru wkh frqglwlrq iru









vES￿ ￿Er￿_r_S zkhuh 6
J
rES￿ lv gh￿qhg vlploduo| wr 6
J
SEr￿1
49Wkh ￿uvw rughu frqglwlrqv iru wklv sureohp fdq eh uhzulwwhq lq wkh irup ri htxdwlrqv +9,
dqg +:,/ h{fhsw wkdw zh kdyh wr uhsodfh ￿ dqg +4 ￿ ￿, e| xqlw| lq wkh htxdwlrqv iru U+v, dqg
N uhvshfwlyho| ehfdxvh rqo| wkhq/ zrunhuv dqg ￿upv uhfhlyh wkh ixoo uhzdugv ri wkhlu pdujlqdo
frqwulexwlrq ri wkh pdwfklqj surfhvv1 Wkhuh lv d vlpsoh lqwxlwlrq iru wklv uhvxow1 Lq Slvvdulghv*
frqvwdqw uhwxuqv wr vfdoh zruog/ d mre vhhnhu hqwhulqj wkh oderu pdunhw lpsrvhv d srvlwlyh h{0
whuqdolw| rq hpsor|huv +vlqfh wkhlu frqwdfw udwh jrhv xs, dqg d qhjdwlyh h{whuqdolw| rq rwkhu
mre vhhnhuv +vlqfh wkhlu frqwdfw udwh jrhv grzq,1 Lq rxu lqfuhdvlqj uhwxuqv zruog/ wkhuh lv qr
qhjdwlyh h{whuqdolw|/ vlqfh wkh frqwdfw udwh iru zrunhuv lv lqghshqghqw ri wkh qxpehu ri rwkhu
mre vhhnhuv wkdw duh zdqghulqj durxqg1 Khqfh/ zh vkrxog dzdug zrunhuv wkh ixoo vxusoxv ri wkh
pdwfk wr uhzdug wkhp iru wkh srvlwlyh h{whuqdolw| wkh| lpsrvh rq hpsor|huv1 Pxwdwlv pxwdqglv
wkh vdph dujxphqw dssolhv iru hpsor|huv1 Lq vhfwlrq 816/ zh suhvhqw d vlpsoh whfkqltxh zklfk
|lhogv dq dssur{lpdwlrq ri wkh h!flhqf| orvv1
#  %	
	    	 
	

D vhfrqg lvvxh uhjduglqj wkh htxloleulxp lv wkh lpsolhg h!flhqf| orvv gxh wr vhdufk iulfwlrqv1 Wklv
orvv dv d iudfwlrq ri wrwdo rxwsxw frqvlvwv ri wkuhh sduwv= wkh orvw surgxfwlrq gxh wr xqhpsor|phqw/
wkh frvw ri pdlqwdlqlqj ydfdqflhv dqg wkh frvw ri plvdoorfdwlrq wkdw dulvhv ehfdxvh vhdufk iulfwlrqv
lqgxfh zrunhuv wr orzhu wkhlu uhvhuydwlrq zdjh vr wkdw wkh| hqg xs dffhswlqj mrev wkdw duh qrw
ixoo| rswlpdo1 Wkh ￿uvw idfwru fdq vlpso| eh fdofxodwhg iurp wkh xqhpsor|phqw udwh
￿Er￿
,Er￿ wlphv
wkh frvwv ri xqhpsor|phqw uhodwlyh wr wkh uhvhuydwlrq zdjh146 Wkhvh frvwv duh htxdo wr rqh plqxv
wkh uhsodfhphqw udwh/ EW+v,1 Wkh vhfrqg idfwru fdq eh fdofxodwhg iurp wkh qxpehu ri ydfdqflhv
wkdw lv pdlqwdlqhg shu xqlw v/ j^f+v,‘f￿+v,/ pxowlsolhg e| wkh uhodwlyh frvwv ri pdlqwdlqlqj d
ydfdqf|/ NW+v,1 Iru wkh fdofxodwlrq ri wkh ￿qdo whup/ uhfdoo iurp Vhfwlrq 7 wkdw wkh dyhudjh orvv














Wkh wkuhh whupv lq vtxduh eudfnhwv uh hfw wkh uhvshfwlyh orvvhv1 Doo orvvhv ydu| wkhuhiruh sur0
sruwlrqdo wr {W+v,1 Uhpdundeo|/ wkh uhodwlyh lpsruwdqfh ri xqhpsor|phqw dqg ydfdqflhv lq wkh
dyhudjh orvv frpsduhg wr wkh Zdoudv htxloleulxp duh lqghshqghqw ri EW+v, dqg NW +v,1W k h
udwlr ehwzhhq erwk frvw w|shv lv ixoo| ghwhuplqhg e| wkh edujdlqlqj srzhu sdudphwhu ￿1 Wklv
lv gxh wr wkh idfw wkdw ￿upv nhhs lqyhvwlqj lq ydfdqflhv wloo wkh frvwv ri nhhslqj wkh ydfdqf|
rshq duh htxdo wr wkhlu h{shfwhg vkduh lq wkh ixwxuh vxusoxvhv iurp dq hpsor|phqw uhodwlrq1
Vlploduo|/ zrunhuv dgmxvw wkhlu uhvhuydwlrq zdjhv vxfk wkdw wkh vkduh lq wkh h{shfwhg vxusoxv
iurp vhdufk lv htxdo wr wkhlu uhvhuydwlrq zdjh1 Wkh udwlr ri wkh frvwv ri plvdoorfdwlrq uhodwlyh wr
wkh frvw ri xqhpsor|phqw dqg ydfdqflhv lv
4nB
2B = wkh kljkhu wkh vhsdudwlrq udwh ￿/ wkh pruh riwhq
hpsor|phqw uhodwlrqv zloo glvvroyh dqg wkh pruh riwhq zrunhuv zloo h{shulhqfh dq xqhpsor|phqw
vshoo> wkh kljkhu wkh glvfrxqw udwh ￿/ wkh pruh frvwo| vhdufk lv dqg khqfh/ wkh juhdwhu zloo eh
plvdoorfdwlrq1
46Khuh +dqg ehorz/ zkhq glvfxvvlqj wkh frvw ri d ydfdqf|,/ wkh surshu qrupdol}dwlrq zrxog eh wr xvh wkh dfwxdo











￿%drcSEr￿o1 Vxevwlwxwlrq lq htxdwlrq +59, uhyhdov wkdw wklv lv d vhfrqg rughu h￿hfw lq %drcSEr￿o1
4:Iurp wkh h{suhvvlrq iru T/ lw fdq eh vhhq wkdw wkh vxusoxv {W+v, +dqg wkhuhiruh dovr wkh
h!flhqf| orvv, duh sursruwlrqdo wr wkh lqyhuvh ri ￿+4 ￿ ￿,> khqfh/ erwk duh plqlpl}hg iru ￿ @
3=8147 Wklv uhvxow lpsolhv wkdw dffruglqj wr prvw hvwlpdwhv ri wkh glvwulexwlrq ri edujdlqlqj
srzhu +h1j1 Derzg dqg Ohplhx{/ 4<<4, zrunhuv edujdlqlqj srzhu lv wrr orz$ Lqwhuhvwlqjo|/
uhfhqw hvwlpdwhv vxjjhvw zrunhuv* edujdlqlqj srzhu wr eh orzhu lq frqwlqhqwdo Hxursh zlwk pruh
fhqwudol}hg zdjh edujdlqlqj uhjlphv +Whxolqjv/ 4<<;> Qlfnhoo/ 4<<;, zklfk vxjjhvwv wkdw wkh
Hxurshdq sureohp lv qrw wkdw zrunhuv kdyh wrr pxfk edujdlqlqj srzhu1 Iurp htxdwlrq +56,/
xqhpsor|phqw lv sursruwlrqdo wr ￿f￿S+4 ￿ ￿,3f￿e> khqfh/ lw lv plqlpl}hg e| ohwwlqj ￿ $ 31
Krzhyhu/ wklv zrxog qrw eh rswlpdo iurp d zhoiduh srlqw ri ylhz ehfdxvh wkh zrunhuv zrxog
dffhsw mrev dw zklfk wkh| duh qrw yhu| surgxfwlyh dqg hpsor|huv zrxog vshqg wrr pdq| uhvrxufhv
rq pdlqwdlqlqj ydfdqflhv1
#! $%	




Wkhuh lv dqrwkhu zd| wr ghfrpsrvh wkh h!flhqf| orvv= wkh frvwv ri vhdufk iulfwlrqv yhuvxv wkh
frvwv ri lqdghtxdwh lqfhqwlyhv gxh wr wkh LUV frqwdfw whfkqrorj|/ vhh wkh glvfxvvlrq lq Vhfwlrq
+516,1 Wkhruhwlfdoo|/ d vrfldo sodqqhu frxog xqgr wklv vhfrqg frpsrqhqw e| ohwwlqj zrunhuv dqg
￿upv sduwlflsdwh dv li wkh| zrxog jhw wkh ixoo pdwfk vxusoxv1 Wkh pdjqlwxgh ri wklv vhfrqg
frpsrqhqw fdq wkhq eh fdofxodwhg iurp wkh ￿uvw rughu frqglwlrqv ri wkh pd{lpl}dwlrq ri +58,1
Ghulylqj wkh htxlydohqw ri +55, iru wkhvh htxdwlrqv lv htxlydohqw wr uhsodflqj wkh idfwru ￿+4￿￿, lq
wkh ghqrplqdwru ri T e| xqlw|1 Khqfh/ wkh vxusoxv {W+v, z r x o gj rg r z qe |di d f w r u￿f￿e+4￿￿,f￿e
li d vrfldo sodqqhu frxog lpsohphqw dghtxdwh lqfhqwlyhv1 Lq wkh vdph yhlq/ xqhpsor|phqw dqg
ydfdqflhv fkdqjh e|= ￿3f￿S+4 ￿ ￿,f￿e/d q g￿f￿e+4 ￿ ￿,3f￿S> uhvshfwlyho|1 Wkh zhoiduh orvv ri wkh











Wklv orvv lv plqlpl}hg e| vhwwlqj ￿ htxdo wr rqh kdoi/ zklfk plplfv wkh frqfoxvlrq ri wkh suhylrxv
sdudjudsk1 Frpsdulqj htxdwlrq +59, wr htxdwlrq +5:, uhyhdov wkdw iru ￿ @3 =8 dqg ￿@￿ $ 3/w k h
lqh!flhqf| lqwurgxfhg e| wkh odfn ri lqfhqwlyhv zrxog eh frpshqvdwhg iru e| txdguxsolqj wkh
vl}h ri wkh oderu pdunhw/ l1h1 wkh sdudphwhu ￿1 Iru rwkhu ydoxhv ri ￿/ wkh lqh!flhqflhv duh odujhu1
Wkh udwlr ri wkh vrfldo sodqqhuv ohyho ri xqhpsor|phqw dqg wkh ghfhqwudol}hg htxloleulxp ohyho ri
xqhpsor|phqw lv ￿3f￿S+4 ￿ ￿,f￿e/ zklfk lv 4=48 iru ￿ @3 =8 ru 4=74 iru ￿ @3 =71 Vrfldo sodqqhu*v
xqhpsor|phqw lv wkhuhiruh kljkhu wkdq xqhpsor|phqw lq wkh ghfhqwudol}hg pdunhw htxloleulxp1
Wkhuh lv wrr orz d uhzdug iru vhdufk dfwlylwlhv zklfk duh surgxfhg xqghu lqfuhdvlqj uhwxuqv1
Khqfh/ mre vhhnhuv dffhsw mrev wrr hdvlo|1
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Exughww +4<:<,/ Gldprqg +4<;4,/ dqg Pdulprq dqg ]lolerwwl +4<<<, kdyh vkrzq wkdw xqhp0
sor|phqw frpshqvdwlrq fdq lqfuhdvh zhoiduh/ hyhq zkhq djhqwv duh ulvn qhxwudo/ e| ghfuhdvlqj
47Wkdw odujh vxusoxvhv |lhog kljk lqh!flhqflhv pljkw eh vwudqjh dw ￿uvw vljkw1 Krzhyhu/ vxusoxvvhv duh gh￿qhg
uhodwlyh wr wkh uhvhuydwlrq zdjh ri wkh zrunhu1 Odujh vxusoxv duh gxh wr orz uhvhuydwlrq zdjhv1
48Wkh ￿uvw whup zlwklq eudfnhwv lv vlpso| htxdo wr Orvv‘@, zkloh wkh odvw whup zlwklq wkh eudfnhwv lv
Orvv‘@, zlwk q dqg +￿ 3 q, vhw htxdo wr 4 +zklfk zrxog uh hfw xqhpsor|phqw dqg wkh vwrfn ri ydfdqflhv zkhq
lqfhqwlyhv zhuh dghtxdwh,1
4;plvpdwfk1 Lq wklv vhfwlrq/ zh vkrz wkdw dovr lq rxu prgho/ xqhpsor|phqw frpshqvdwlrq fdq
ixo￿oo d xvhixo uroh e| lpsurylqj wkh h{shfwhg pdwfk txdolw|1
Iluvw qrwh wkdw wkh hodvwlflw| ri xqhpsor|phqw zlwk uhvshfw wr rqh plqxv wkh uhsodfhphqw
udwh lv ￿3=9 +￿4 gluhfwo| lq wkh xqhpsor|phqw htxdwlrq dqg 3=7 lqgluhfwo| yld {W+v,,1 Ph|hu
+4<<3, ￿qgv dq hodvwlflw| ri xqhpsor|phqw zlwk uhvshfw wr wkh ehqh￿w ohyho ri xs wr derxw plqxv
xqlw| iru wkh Xqlwhg Vwdwhv1 Klv vrxufh ri yduldwlrq lv pdlqo| vwuxfwxudo yduldwlrq lq ohjlvodwlrq
ehwzhhq vwdwhv1 Khqfh/ zh ihho frpiruwdeoh wr lqwhusuhw klv hvwlpdwh dv uh hfwlqj wkh hodvwlflw|
ri htxloleulxp xqhpsor|phqw1 Wklv hvwlpdwh lv frqvlvwhqw zlwk rxu prgho zkhq wkh uhsodfhphqw
udwh lv 3=931 Wkh prgho lpsolhv wkdw wkh ghwulphqwdo h￿hfw rq xqhpsor|phqw jrhv xs zlwk hyhu|
shufhqw ixuwkhu lqfuhdvh lq E1 Wklv pljkw h{sodlq wkh Hxurshdq sureohpv wkdw kdyh dulvhq iru
d odujh sduw diwhu wkh frqvwuxfwlrq ri dq h{whqvlyh vrfldo vhfxulw| v|vwhp1
D vrfldo sodqqhu kdv ihz lqvwuxphqwv wr lpsohphqw dq doorfdwlrq wkdw wdnhv dzd| wkh orvvhv
hperglhg lq +5:,1 Xqhpsor|phqw ehqh￿wv pljkw eh wkh rqo| lqvwuxphqw dydlodeoh wkdw fdq
doohyldwh wkh frqvhtxhqfhv ri uhvhuydwlrq zdjhv ehlqj ehorz wkhlu rswlpdo ydoxh1 Iru dq dqdo|vlv
ri wklv lvvxh/ zh kdyh wr gurs wkh lqwhusuhwdwlrq ri E dv ehlqj wkh ydoxh ri ohlvxuh vlqfh lw
qhhgv wr eh ixqghg1 Vxssrvh zh sd| xqhpsor|phqw ehqh￿wv iurp dq lqvxudqfh suhplxp wkdw lv
sursruwlrqdo wr hduqhg zdjhv1 Zkhq zh gh￿qh EW+v, uhodwlyh wr wkh qhw uhvhuydwlrq zdjh/ wklv
zloo kdyh qr ixuwkhu lpsdfw rq wkh prgho/ vlqfh wkh gl￿huhqfh ehwzhhq wkh jurvv dqg wkh qhw
ydoxh ri u+v, lv d frqvwdqw1 Krzhyhu/ rxu orvv ixqfwlrq/ htxdwlrq +59,/ kdv wr wdnh lqwr dffrxqw
wkdw wkh frvw ri xqhpsor|phqw uhodwlyh wr wkh uhvhuydwlrq zdjh lv qr orqjhu htxdo wr EW+v, exw
wr xqlw|1 Lq rughu wr dffrxqw iru wklv gl￿huhqfh/ wkh ￿uvw whup ehwzhhq vtxduh eudfnhwv kdv wr eh
glylghg e| EW+v,1 Vxevwlwxwlqj htxdwlrq +56, iru {W+v, dqg plqlpl}lqj wkh uhvxowlqj h{suhvvlrq
zlwk uhvshfw wr EW+v, |lhogv=
EW+v, @
6￿￿
￿ . ￿ .5 ￿+4 ￿ ￿,
+5;,
Wkh rswlpdo qhw uhsodfhphqw udwh/ E@U+v,@4￿ EW+v, lv wkhuhiruh d qhjdwlyh ixqfwlrq ri wkh
edujdlqlqj srzhu ri zrunhuv1 Wklv ￿wv wkh lqwxlwlrq= zkhq zrunhuv kdyh d kljk edujdlqlqj srzhu/
lw grhv qrw pdnh vhqvh wr ixuwkhu vwuhqjwkhq wkhlu srvlwlrq e| surylglqj wkhp d ox{xulrxv rxwvlgh
rswlrq1 Iru uhdolvwlf sdudphwhu ydoxhv/ wkh rswlpdo uhsodfhphqw udwh lv derxw 83 (149
Li d vrfldo sodqqhu frxog vhw erwk ￿ dqg EW+v, mrlqwo|/ kh zrxog pdnh zrunhuv dv fkrrv|
dv srvvleoh e| vhwwlqj E+v, @ U+v, ￿ %> wr plqlpl}h plvpdwfk1 Dw wkh vdph wlph kh zrxog
vwlpxodwh ydfdqf| vxsso| e| uhzduglqj wkh hpsor|huv zlwk doprvw wkh ixoo vkduh ri wkh pdwfk
vxusoxv/ khqfh ￿ @3.%=
Qrwh krzhyhu wkdw lq rxu prgho/ E lv wkh vdph iru doo zrunhu w|shv/ khqfh d surshu lqwhusuh0
wdwlrq ri +5;, lv wkdw lw lv wkh rswlpdo uhsodfhphqw udwh iru wkh dyhudjh zrunhu1 Frqvhtxhqwo|/
vhwwlqj E dw lwv rswlpdo ohyho +jlyhq ￿,/ pd| ohdg wr d vxevwdqwldo uhsodfhphqw udwh iru orzhu
hgxfdwhg zrunhuv1 Wklv lv rqh h{sodqdwlrq iru wkh uhodwlyho| kljk xqhpsor|phqw udwhv iru orz
vnloohg zrunhuv lq Hxursh1
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Lq wkh Zdoudvldq fdvh/ dfwxdo zdjhv dqg uhvhuydwlrq zdjhv frlqflgh1 Zlwk iulfwlrqv/ dfwxdo orj
zdjhv/ ghqrwhg e| z+v,/ h{fhhg u+v, lq doprvw doo hpsor|phqw uhodwlrqv1 Wklv gl￿huhqfh fdq eh
49Zh wrrn= q ’f ￿ecB’f ￿￿D dqg 4 ’f ￿￿f￿
4<lqwhusuhwhg dv wkh uhqwv iurp vhdufk1 Wkh dyhudjh uhqwv fdq eh fdofxodwhg/ djdlq e| d vhfrqg
rughu Wd|oru h{sdqvlrq dqdorjrxv wr wkh zd| zh fdofxodwhg wkh h!flhqf| orvv1 Wklv vxusoxv/
zklfk lv wkh frpsohphqw ri wkh h!flhqf| orvv/ htxdov 2@￿￿{ W+v,1 Xvlqj wkh vdph whfkqltxh ri
Wd|oru h{sdqvlrqv/ zh fdq fdofxodwh wkh vwdqgdug ghyldwlrq ri uhqwv wr eh=






Iru ￿ @3 =73/ wklv h{suhvvlrq htxdov 3=45{W+v,1 Iru uhdvrqdeoh ydoxhv ri {W+v, wklv lv d vpdoo
qxpehu/ lq sduwlfxodu zkhq frpsduhg zlwk wkh vwdqgdug ghyldwlrq ri lqgxvwu| gl￿huhqwldov1
Nuxhjhu dqg Vxpphuv +4<;;, uhsruw d ydoxh ri derxw 3=481 Zkhq wkhvh gl￿huhqwldov duh lqghhg
uhqwv/ wkhvh uhvxowv vxjjhvw wkdw wkh| fdqqrw eh dwwulexwhg ixoo| wr vhdufk iulfwlrqv1 Krzhyhu/ d
frpsohwh dqdo|vlv ri wkh lpsolfdwlrqv ri vhdufk iulfwlrqv iru lqgxvwu| gl￿huhqwldov uhtxluhv d pruh
frpsolfdwhg prgho wkdq wkh rqh glvfxvvhg khuh1
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Exughww dqg Frohv +4<<:, dqg Vplwk +4<<8, vkrz lq wkh frqwh{w ri d qrq0wudqvihudeoh xwlolw| +exw
rwkhuzlvh vlplodu, prgho krz hqgrjhqrxv vhjphqwdwlrq dulvhv1 Wkh lqwxlwlrq iru wklv uhvxow lv
wkdw erwk vlghv ri wkh pdunhw duh rqo| zloolqj wr pdwfk zlwk doo w|shv zklfk duh kljkhu wkdq wkhlu
uhvhuydwlrq w|shv1 Frqvhtxhqwo|/ wkh kljkhvw w|shv duh lq wkh srvlwlrq ri ehlqj prvw vhohfwlyh
dqg zloo wkhuhiruh rqo| pdwfk zlwk hdfk rwkhu1 Zkhq wkh kljkhvw w|shv duh qr orqjhu dydlodeoh
iru wkh plggoh w|shv/ wkh plggoh w|shv fdq gr qr ehwwhu wkdq pdwfk zlwk hdfk rwkhu dqg ￿qdoo|/
wkh orzhvw w|shv duh ohiw ryhu dqg zloo dovr pdwfk zlwk hdfk rwkhu1
Dw ￿uvw vljkw/ wklv vhjphqwdwlrq uhvxow lv d shfxoldulw| ri wkh qrq0wudqvihudeoh xwlolw| dvvxps0
wlrq/ zklfk grhv qrw wudqvihu wr prghov zlwk Qdvk edujdlqlqj1 Wklv ylhz lv plvwdnhq1 Wkrxjk
ohvv h{wuhph wkdq wkh prgho ri Exughww dqg Frohv/ wkh prgho lq wklv sdshu frqwdlqv vlplodu sure0
ohpv1 Wkh sureohp fdq ehvw eh h{sodlqhg e| d judsk1 Iljxuh 8 ghslfwv wkh w|sh vsdfh O+v,>M+f,
+O+v, lv wkh glvwulexwlrq ixqfwlrq dvvrfldwhg zlwk o/ M +f, lv wkh glvwulexwlrq ri rffxslhg mrev,/
wkdw lv= zh wudqviruphg v dqg f vxfk wkdw hyhu| srlqw lq wkh judsk kdv htxdo ghqvlw|1
ILJXUH 8 DERXW KHUH
Iru vlpsolflw|/ zh dvvxph wkdw wkh Zdoudvldq rxwfrph lv uhsuhvhqwhg e| wkh gldjrqdo1 Wkh
pdwfklqj vhwv pS+v, fdq eh sorwwhg lq wkh ￿jxuh e| wkhlu xsshu dqg orzhu erxqg/ fn+v, dqg
f3+v, uhvshfwlyho|/ zklfk uhvxowv lq d edqg zklfk jrhv iurp wkh vrxwk0zhvw fruqhu wr wkh qruwk0
hdvw fruqhu/ vhh sdqho D1 Dv d wkrxjkw h{shulphqw/ frqvlghu krz wklv edqg zrxog orrn olnh zkhq
hyhu| zrunhu kdv dq htxdo suredelolw| ri ehlqj pdwfkhg1 Vlqfh wkh xsshu dqg wkh orzhu erxqg
duh gudzq wr eh sdudooho/ wkh pdwfklqj suredelolwlhv duh frqvwdqw iru doo v/ h{fhsw iru wkh fruqhuv1
Qrz orrn dw wkh sureohp iurp wkh srlqw ri ylhz ri ydfdqflhv1 Lq sdqho E/ wkh prvw dqg wkh
ohdvw frpsoh{ ydfdqf| zloo kdyh d }hur pdwfklqj suredelolw|1 Khqfh vxfk d ydfdqf| zloo qhyhu eh
rshqhg lq htxloleulxp1 Rqo| wkh ydfdqflhv lq wkh lqwhuydo +f33>f nn, kdyh d frqvwdqw pdwfklqj
suredelolw|1 Rxwvlgh wklv lqwhuydo/ lq wkh vrxwk0zhvw dqg qruwk0hdvw fruqhuv ri wkh w|sh vsdfh/
wkh pdwfklqj suredelolwlhv ghfolqh txlfno|1 Sdqho F ghslfwv wkh fdvh zkhuh hdfk ydfdqf| kdv
dq htxdo pdwfklqj suredelolw|/ exw lw lv hdv| wr vhh qrz wkdw zrunhu w|shv dw erwk hqgv ri wkh
vxssruw idfh wkh vdph sureohp dv ydfdqflhv glg ehiruh1 Sdqho G vnhwfkhv wkh rqo| rxwfrph
wkdw zrxog jlyh hyhu| mre w|sh dqg hyhu| zrunhu w|sh dq htxdo pdwfklqj suredelolw|/ wkdw lv/
53Exughww dqg Frohv frpsohwh vhjphqwdwlrq uhvxow1 E| Wkhruhp 4/ wklv rxwfrph fdq qhyhu eh dq
htxloleulxp ri wkh prgho lq wklv sdshu/ vlqfh iru wklv/ f3+v, dqg fn+v, kdyh wr eh gl￿huhqwldeoh1
Qhyhuwkhohvv/ sdqho G lv looxvwudwlyh iru wkh w|sh ri irufh wkdw lv dw zrun lq wklv hfrqrp|1 Zh
uhihu wr wklv skhqrphqrq dv wkh fruqhu sureohp1
Zh r￿hu d lqwxlwlyh dujxphqw rq krz wklv hfrqrp| ghdov zlwk wkh fruqhu sureohp1 Wkh zd|
lq zklfk wkh hfrqrp| ghdov zlwk wkh sureohp ghshqgv rq zkhwkhu ￿ @ 4 ru ￿ @3 = Dq h{dpsoh
ri wkh iruphu fdvh lv vnhwfkhg lq Sdqho H1 Lq wkdw fdvh/ wkhuh lv qr qhfhvvlw| wr rshq ydfdqflhv
ri doo w|shv1 Ohw f3cb eh wkh ohdvw frpsoh{ ydfdqf| wkdw zloo eh rshqhg zlwk vhdufk iulfwlrqv ￿1





Av 3/ dqg vlqfh wklv ydfdqf| lv ehvw dgdswhg wr lwv pdwfklqj
vhw li lw/ orrvho| vshdnlqj/ pd{lpl}hv wkh vxusoxv ri wkh h{shfwhg ydoxh ri lwv pdwfklqj vhw1 Khqfh
f3cb Af 3
D vlplodu dujxphqw dssolhv wr wkh qruwk0hdvw fruqhu ri wkh w|sh0vsdfh1 Vhdufk iulfwlrqv zloo
wkhuhiruh wuxqfdwh erwk wkh xsshu dqg wkh orzhu vxssruw ri wkh grpdlq ri wkh ydfdqflhv wkdw duh
rshqhg1 Wkh ghqvlw| ri mrev lv ghslfwhg lq wkh uljkw txdgudqw ri Sdqho H1 Wkhuh lv d exon dw f3cb
dqg fncb/ wr frpshqvdwh iru wkh ghohwhg ydfdqflhv dw wkh h{wuhphv ri wkh vxssruw1 Wklv foxvwhulqj
lq ydfdqflhv zloo ohdg wr d foxvwhulqj lq ri pdwfklqj vhwv/ vlplodu wr wkh pdunhw vhjphqwdwlrq
uhvxow ri Exughww dqg Frohv +4<<:,1 Zkhq vhdufk iulfwlrqv duh odujh/ zh kdyh vlpxodwlrq uhvxowv
zklfk vkrz d ixuwkhu foxvwhulqj/ zlwk d frqfhqwudwlrq ri ydfdqflhv iru vrph mre w|shv dqg qr
ydfdqflhv iru qhljkerulqj mre w|shv1 Zkhq ￿ @3 / ydfdqflhv ri doo w|shv duh rshqhg/ vlqfh hdfk
mre w|sh lv e| wkh qdwxuh ri wkh FHV xwlolw| ixqfwlrq d qhfhvvlw| lq wkh frpsrvlwh frqvxpswlrq
jrrg1 Khqfh/ wkh fruqhu sureohp iru ydfdqflhv dw erwk hqgv ri wkh grpdlq qhhgv wr eh uhvroyhg e|
sulfh dgmxvwphqw1 Frpprglw| sulfhv dw erwk hqgv zloo wkhuhiruh eh kljkhu zlwk vhdufk iulfwlrqv
wkdq wkh| duh lq d iulfwlrq0iuhh Zdoudvldq zruog1
Wkh fruqhu sureohp dqg wkh lpsolhg qrq0olqhdulwlhv lq f3+v, dqg fn+v,/ ghslfwhg lq Sdqho H/
duh reylrxvo| qrw slfnhg xs e| wkh Wd|oru h{sdqvlrqv suhvhqwhg lq wkh suhylrxv vhfwlrq1 Wkhvh
h{sdqvlrqv ljqruh frpsohwho| wkh erxqgdu| frqglwlrqv lpsrvhg e| wkh xsshu dqg orzhu vxssruw
ri v dqg f dqg zklfk duh wkh fdxvh ri wkh fruqhu sureohp1 Krzhyhu/ dowkrxjk wkh fruqhu sureohp
ohdyhv lwv pdunv lq wkh fruqhuv ri wkh vlpxodwlrqv/ wkh Wd|oru h{sdqvlrqv wxuq rxw wr gr d jrrg




Wkh ydoxh ri qxphulfdo vlpxodwlrqv lv kljko| vhqvlwlyh wr wkhlu sudfwlfdo uhohydqfh1 Lw lv qrw yhu|
lqwhuhvwlqj wr suhvhqw doo nlqgv ri vlpxodwlrqv iru sdudphwhu ydoxhv dqg ixqfwlrqdo irupv zklfk
duh frpsohwho| xquhdolvwlf lq sudfwlfh1 Wkh vlpxodwlrq uhvxowv lq wklv vhfwlrq zloo wkhuhiruh eh
vkdshg vxfk wkdw zh kdyh d uhdvrqdeoh lghd derxw doo wkh sdudphwhuv wkdw duh lqyroyhg1 Iru
wklv sxusrvh/ zh surfhhg lq wkuhh vwhsv1 Iluvw/ zh vshfli| htxdwlrq +55, xvlqj wkh orj zdjh
glvwulexwlrq lqvwhdg ri wkh vnloo glvwulexwlrq1 Zkloh zh kdyh qr lghd derxw wkh vkdsh ri wkh
vnloo glvwulexwlrq/ zh fdq gluhfwo| revhuyh wkh orj zdjh glvwulexwlrq1 Wklv vshfl￿fdwlrq lpsolhv
lqwurgxflqj wkh frpsoh{lw| glvshuvlrq sdudphwhu wkdw kdv ehhq glvfxvvhg lq vhfwlrq 5171 Wklv
frpsoh{lw| glvshuvlrq sdudphwhu zloo eh dvvxphg frqvwdqw dorqj wkh grpdlq ri v= ￿ +v, @ ￿1
Hpslulfdo hvwlpdwhv iru ￿ duh dydlodeoh iurp rwkhu vwxglhv1 Qh{w/ zh vshfli| wkh prgho lq whupv ri
wudqviruphg vnloo dqg frpsoh{lw| yduldeohv vW dqg fW vxfk wkdw 0iru wkh dvvxpswlrq ri d frqvwdqw
54frpsoh{lw| glvshuvlrq sdudphwhu0 wkh| h{klelw d olqhdu uhodwlrq zlwk orj zdjhv lq wkh Zdoudvldq
htxloleulxp/ vhh wkh dsshqgl{ iru wkh ghwdlov1 Ilqdoo|/ orj zdjhv zloo eh dvvxphg wr eh glvwulexwhg
qrupdoo| lq wkh Zdoudvldq htxloleulxp1 Gxh wr wkhlu uhodwlrq zlwk wkh wudqviruphg vnloo yduldeoh





Zkhuhdv htxdwlrq +55, lv frqyhqlhqw iurp dq dqdo|wlfdo srlqw ri ylhz/ lw lv ohvv vxlwdeoh iru dq
hpslulfdo hydoxdwlrq/ vlqfh zh kdyh qr lghd derxw wkh xqlwv ri phdvxuhphqw ri v1 Dv glvfxvvhg
lq vhfwlrq 517/ wkh vfdoh ri phdvxuhphqw ri v fdq eh fkdqjhg e| d olqhdu wudqvirupdwlrq zlwkrxw
fkdqjlqj wkh hpslulfdo lpsolfdwlrqv ri wkh prgho1 Lw lv wkhuhiruh pruh xvhixo wr zulwh wkh prgho
lq whupv ri dq h￿hfw lq orj zdjhv zkhuh zh kdyh qr glvsxwh derxw lwv xqlw ri phdvxuhphqw1




T2 e EW +u,
2 f NW +u,
2 i+u,32e ￿+u, +5<,
zkhuh i+u, lv wkh ghqvlw| ixqfwlrq ri orj uhvhuydwlrq zdjhv u +zhljkwhg e| shuvrqv, lq wkh
Zdoudvldq htxloleulxp dqg zkhuh e {W^u+v,‘ ￿ {W +v,/ dqg pxwdwlv pxwdqglv wkh vdph iru EW/
NW dqg ￿> ￿ +v, ￿ u%+v,@u￿ +v,
2 @ f￿ +v,@f+v,
2/ zklfk lv wkh frpsoh{lw| glvshuvlrq sdudphwhu
glvfxvvhg lq Vhfwlrq 5171 Wkh ghqrplqdwru ri e ￿+u, frphv lq dv wkh Mdfreldq iurp d wudqvirupdwlrq
ri yduldeoh= o+v, @ i ^u+v,‘u￿+v,1 Lq hfrqrplhv wkdw duh fkdudfwhul}hg e| frpsdudwlyh dgydqwdjh
ri zrunhu w|shv dfurvv mre w|shv/ wkh frpsoh{lw| glvshuvlrq sdudphwhu wxuqv rxw wr eh wkh fuxfldo
ghwhuplqdqw erwk ri hodvwlflwlhv ri vxevwlwxwlrq dqg frpsohphqwdulw| dqg ri wkh vhdufk iulfwlrqv
lq wklv w|sh ri hfrqrp|1
Whxolqjv dqg Ylhluud +4<<;, uhylhz wkh ydoxh iru wkh frpsoh{lw| glvshuvlrq sdudphwhu lpsolhg
e| hvwlpdwlrq uhvxowv iru wkh Qhwkhuodqgv/ Sruwxjdo/ dqg wkh Xqlwhg Vwdwhv1 Wkh| frqfoxgh wkdw
lwv ydoxh lv lq wkh udqjh 51808/ zlwk wkh kljkhu ydoxhv ehlqj wkh pruh olnho|1 Wkh whup sdudphwhu
pljkw eh vrphzkdw plvohdglqj khuh/ iru wkhuh lv qr uhdvrq zk| lw vkrxog eh frqvwdqw hlwkhu dorqj
wkh grpdlq ri u ru dfurvv hfrqrplhv wkdw gl￿hu lq wkhlu vnloo glvwulexwlrq1 Dfwxdoo|/ Whxolqjv
+4<<<, vkrzv wkdw wkh frpsoh{lw| glvshuvlrq sdudphwhu lqfuhdvhv gxh wr wkh dffxpxodwlrq ri
kxpdq fdslwdo dqg ghfuhdvhv gxh wr vnloo eldvhg whfkqrorjlfdo surjuhvv1 Whxolqjv dqg Ylhluud
+4<<;, uhsruw lw wr eh xszdug vorslqj lq Sruwxjdo1 Krzhyhu/ zh duh uhoxfwdqw wr wdnh wklv dv dq
hvwdeolvkhg idfw1 Vlqfh zh duh qrw vxuh derxw wkh vorsh/ zh ihho iuhh wr dvvxph wklv sdudphwhu
wr eh lqyduldqw zlwk uhvshfw wr u1 Zh dsso| d ydoxh ri 8 wkurxjkrxw wkh vlpxodwlrqv lq wklv
vhfwlrq1 Lq wkh dsshqgl{ zh wudqvirup v/d q gf vxfk wkdw wkhlu uhodwlrq lv olqhdlu1 Lq dgglwlrq
zh pdnh wkh dvvxpswlrq ri d frqvwdqw frpsoh{lw| glvshuvlrq sdudphwhu1 Wkh glvwulexwlrq ri orj
zdjhv lv uhdvrqdeo| ghvfulehg e| d orj qrupdo glvwulexwlrq1 Iurp wkh olqhdulw| ri wkh htxdwlrq
ri uW
‘@,+vW, lq +73,/ zh nqrz wkdw lq wkdw fdvh vW lv dovr glvwulexwhg qrupdoo|1 Wklv glvwulexwlrq





1 Khqfh/ ￿ phdvxuhv wkh vwdqgdug ghyldwlrq ri orj
zdjhv lq wkh Zdoudvldq htxloleulxp1 Wklv sdudphwhu lv lq wkh udqjh ri 3=63 ￿ 3=93 iru prvw




Rxu qxphulfdo vlpxodwlrqv duh edvhg rq d julg iru vW dqg fW udqjlqj iurp plqxv wkuhh wloo soxv
wkuhh wlphv wkhlu vwdqgdug ghyldwlrq1 Zh glylgh wkh grpdlq ri erwk yduldeohv lq 433 lqwhuydov
55shu vwdqgdug ghyldwlrq/ |lhoglqj d pdwul{ ri 934￿9341I r u￿ @ 4/ wkh fdofxodwlrq uhtxluhv wzr
lwhudwlrq orrsv1 Iluvw/ zh wdnh wkh glvwulexwlrq ri ydfdqflhv/ jW+fW,/ dv jlyhq dqg vroyh iru uW +vW,1
Lq wkh vhfrqg orrs/ zh dgmxvw jW+fW, lq rughu wr vhw h{shfwhg uhwxuqv rq d ydfdqf| htxdo wr N@￿1
Zh wdnh dv d vwduwlqj ydoxh iru jWcvwduw+fW,@3 =43i +u‘@,,^fW .oq￿‘1 Wklv lwhudwlrq surfhgxuh
frqyhujhv wr dq htxloleulxp txlfno|1 Dv zloo eh glvfxvvhg odwhu rq/ fkdqjhv lq wkh suhflvlrq ri
wkh vwrsslqj fulwhuld iru wkh vlpxodwlrqv kdyh lpsruwdqw frqvhtxhqfhv iru wkh uhvxowv1 Wklv lv
gxh wr fruqhu sureohp1
Zkhq ￿ @3 / zh kdyh d wklug orrs1 Zh vwduw e| wdnlqj sW+fW, dqg jW +fW, dv jlyhq dqg
surfhhg lq vroylqj uW +vW, lq h{dfwo| wkh vdph zd| dv iru ￿ @ 41 Diwhu kdylqj vroyhg iru uW+vW,/
zh fdofxodwh wkh lpsolhg \ W +fW, dqg fkdqjh orj sulfhv sW +fW, wr dgmxvw wkh dvvljqphqw ri zrunhuv
wr mrev wr vroyh iru h{fhvv vxsso| ru ghpdqg ri ydulrxv frpprglwlhv1 Ilqdoo|/ diwhu kdylqj vroyhg
iru uW+vW, dqg sW +fW,/ zh dgmxvw jW +fW, wr vdwlvi| wkh iuhh hqwu| frqglwlrq wkdw wkh ydoxh ri d
ydfdqf| pxvw eh htxdo wr N1 Wklv lwhudwlrq surfhgxuh frqyhujhv pxfk vorzhu1 Dq lpsruwdqw
kxugoh lv wkh fruqhu sureohp glvfxvvhg lq wkh suhylrxv vhfwlrq1 Wkh lwhudwlrq surfhgxuh ￿qgv lw
gl!fxow wr dgmxvw sulfhv vxfk wkdw wkhuh lv dghtxdwh vxsso| lq wkh wdlov ri wkh glvwulexwlrq1
Vlqfh wkh prgho h{klelwv lqfuhdvlqj uhwxuqv/ pxowlsoh htxloleuld fdqqrw eh uxohg rxw1 Lq wkdw
vhqvh rxu vlpxodwlrqv duh phuho| looxvwudwlyh1 Zkhwkhu zh glg hqfrxqwhu wkhp lq sudfwlfh lv
qrw dozd|v hdv| wr vd|/ vlqfh lw lv kdug wr glvwlqjxlvk ehwzhhq pxowlsoh htxloleuld dqg odfn ri
qxphulfdo suhflvlrq1 Iru kljk ydoxhv ri ￿> wkhuh glg qrw vhhp wr eh d sureohp exw iru orz ￿￿v/
vrph shfxoldulwlhv +furzglqj rxw h￿hfwv ri ydfdqflhv gxh wr wkh fruqhu sureohp, vwurqjo| vxjjhvw
wkdw wkhuh pxvw eh pxowlsoh htxloleuld1 Krzhyhu/ vlqfh wkh frpsxwhg htxloleuld duh doo forvh wr
wkh dqdo|wlfdo htxloleulxp ri htxdwlrq +5<,/ zh ihho vdyh wr lqwhusuhw rxu dqdo|wlfdo htxloleulxp
dv srlqw ri judylwdwlrq iru wkh qxphulfdo vroxwlrqv1
Wkh prgho kdv qlqh sdudphwhuv= irxu lq T +￿>￿>￿>￿,/ wkh uhsodfhphqw udwh E/ wkh frvw ri
d ydfdqf| N/ wkh hodvwlflw| ri vxevwlwxwlrq ￿/ wkh frpsoh{lw| glvshuvlrq sdudphwhu ￿/ dqg wkh
vwdqgdug ghyldwlrq ri orj zdjhv ￿1 Zh wklqn ri wkh xqlw ri wlph iru rxu vlpxodwlrqv wr eh htxdo
wr rqh |hdu1 Wkh edvholqh sdudphwhu ydoxhv duh= ￿ @3 =48>￿@3 =73>￿@3 =43>E@3 =3<>
N @3 =83>￿@8 =3>￿@3 =93> zh vkdoo vlpxodwh wkh prgho iru d udqjh ri ydoxhv iru ￿ xvlqj erwk
￿ @ 4 dqg ￿ @3 1 Wkh ydoxh ri ￿ fruuhvsrqgv wr dq dyhudjh mre gxudwlrq ri vhyhq |hduv/ zklfk
vhhpv uhdvrqdeoh iurp dq hpslulfdo srlqw ri ylhz1 Wkh zrunhu vkduh lq wkh vxusoxv vtxduhv
zlwk wkh hylghqfh uhjduglqj wkh Xqlwhg Vwdwhv dqg Fdqdgd/ vhh Derzg dqg Ohplhx{ +4<<6,1
E| d suhylrxv dvvxpswlrq/ wkh phdq zdjh htxdov xqlw| +vlqfh u‘@, lv glvwulexwhg qrupdoo| zlwk
}hur phdq, lq wkh Zdoudvldq htxloleulxp1 Khqfh/ d zrunhu hduqlqj d zdjh wzlfh wkh vwdqgdug
ghyldwlrq ehorz wkh phdq +3163,/ idfhv d uhsodfhphqw udwh ri 313<23163 @ 63 (1 Lq d pruh
jhqhudo prgho wkdw lqfoxghv fdslwdo dv d idfwru ri surgxfwlrq/ N zrxog phdvxuh wkh uhzdug iru
wkh surgxfwlrq idfwru fdslwdo1 Iru wkh phdq zdjh ri xqlw|/ N @3 =8 lpsolhv wkhuhiruh wkdw fdslwdo
dffrxqwv iru rqh wklug ri ydoxh dgghg + f￿D
￿nf￿D,1 Wkh ydoxh ri wkh vwdqgdug ghyldwlrq ri orj zdjhv
dqg wkh frpsoh{lw| glvshuvlrq sdudphwhu kdyh ehhq glvfxvvhg ehiruh1
Wdeoh 4 vkrzv djjuhjdwh rxwfrphv iru zdjh glvshuvlrq/ rxwsxw orvv/ dqg djjuhjdwh xqhp0
sor|phqw dqg ydfdqflhv iru gl￿huhqw ydoxhv ri ￿ dqg iru ￿ @3 >41 Zh uhgxfh ￿ e |di d f w r u7l q
hyhu| vlpxodwlrq/ vwduwlqj iurp d kljk ydoxh ri 58331 Zh suhvhqw wkh vwdqgdug ghyldwlrq ri orj
uhvhuydwlrqv zdjhv/ wkh uhodwlyh rxwsxw orvv frpsduhg wr wkh Zdoudvldq rswlpxp +@ orj rxwsxw
xqghu Zdoudv 0 orj ~rxwsxw lq wkh qxphulfdo htxloleulxp 0 xE . yN￿/ vhh +59,,/ wkh xqhpsor|0
phqw udwh dqg wkh qxpehu ri ydfdqflhv shu xqlw ri oderu vxsso| +erwk lq (,1 Dffruglqj wr wkh
dqdo|wlfdo vroxwlrq/ wkh orvv/ xqhpsor|phqw dqg ydfdqflhv vkrxog lqfuhdvh olqhduo| zlwk {W+=,/
56vhh htxdwlrq +59,/ +56,/ dqg +57,1
WDEOH 4 DERXW KHUH
Ixuwkhupruh/ hdfk uhgxfwlrq ri ￿ e| d idfwru 7 vkrxog lqfuhdvh wkhvh yduldeohv e| d idfwru
7f￿e @4 =:7/ vhh htxdwlrq +55,1 Dqrwkhu suhglfwlrq ri rxu dqdo|wlfdo dssur{lpdwlrqv uhjdugv
wkh x@y0udwlr1 Dffruglqj wr +56, dqg +57,/ wklv udwlr htxdov +4 ￿ ￿,EW@￿NW/ zklfk lv derxw
41541 Ilqdoo|/ frqvlghu +59,/ zklfk fdswxuhv wkh wrwdo orvv gxh wr vhdufk iulfwlrqv1 Xqghu wkh
dvvxphg sdudphwhu ydoxhv/ wklv orvv htxdov 31:6 {+v,1 Wdeoh 4 surylghv vwurqj vxssruw iru wkhvh
lpsolfdwlrqv1 Edvhg rq wkh ydoxh ri xqhpsor|phqw/ ￿ @4 8 9lv d uhdvrqdeoh ydoxh +x ￿ @ 8(,1
Wklv lpsolhv wkdw wkh dyhudjh zrunhuv kdv ￿y ￿ @ 48 frqwdfwv d |hdu1 Lq wudglwlrqdo vhdufk prghov
rqh qhhgv pxfk odujhu vhdufk iulfwlrqv wr jhw wklv ohyho ri xqhpsor|phqw1
Wdeoh 5 jlyhv wkh vlpxodwlrq uhvxowv iru ydoxhv ri vW zlwk hdfk froxpq fryhulqj rqh vwdqgdug
ghyldwlrq ri wkh vnloo glvwulexwlrq1
WDEOH 5 DERXW KHUH
Zh suhvhqw wkh xqhpsor|phqw udwh x+v,/ wkh uhvhuydwlrq zdjh/ wkh pd{lpxp vxusoxv/ dqg
wkh suhglfwlrq huuruv ri xqhpsor|phqw zkhq dsso|lqj wkh dqdo|wlfdo dssur{lpdwlrqv ri htxdwlrqv
+55, dqg +56,1
Iluvw/ frqvlghu wkh h￿hfw ri vhdufk iulfwlrqv rq uhvhuydwlrq zdjhv1 Wklv h￿hfw fdq uhdvrqdeo|
zhoo eh dssur{lpdwhg e| wkh h￿hfw rq {W+v,1 Vlqfh iru ￿ @ 4/ s+f, lv ghwhuplqhg h{rjhqrxvo|/
wkh rqo| idfwru wkdw fdq dffrxqw iru d fkdqjh lq {W+v, lq uhvsrqvh wr dq lqfuhdvh lq vhdufk







{W+v, lv qrw wkh rqo| fkdqqho dorqj zklfk u+v, hqwhuv lq htxdwlrq +55,> u+v, dovr hqwhuv yld
EW+v, dqg NW+v,1 Krzhyhu/ lq wkh olplwlqj fdvh forvh wr wkh Zdoudvldq htxloleulxp/ {W+v, ￿
EW+v,>NW+v,1 Khqfh/ wkh uhodwlyh h￿hfw ri d 4( ghfolqh lq uhdo zdjhv rq {W+v, lv pxfk odujhu
wkdq wkh h￿hfw rq EW+v, ru NW+v,1 Zh vkdoo wkhuhiruh ljqruh wkh odwwhu wzr h￿hfwv1 Wkh uhvxowv
lq Wdeoh 5 jlyh vwurqj vxssruw iru wklv qrwlrq= iru dq| ydoxh ri ￿/ dgglqj xs u+v, dqg {+v,
|lhogv wkh ydoxh ri u‘@,+v,1I r u￿ @3 / wklv vlpsoh uhodwlrq ehwzhhq u+v, dqg {+v, euhdnv grzq/
ehfdxvh lq wkdw fdvh s+f, lv hqgrjhqrxv/ vhh Wdeoh 6 dqg u+v, uhdfwv vwurqjo| wr vhdufk iulfwlrqv
lq uhvsrqvh wr wkh fruqhu sureohp/ dv zloo eh glvfxvvhg ehorz1
WDEOH 6 DERXW KHUH
Vhfrqg/ wkh sdwwhuq ri {+vW, dorqj wkh grpdlq ri vW lv X0vkdshg1 E| wkh olqhdu uhodwlrq
ehwzhhq {+vW, dqg x+vW,/ wklv sdwwhuq lv uhshdwhg lq wkh xqhpsor|phqw udwh e| w|sh1 Wkh
h{sodqdwlrq iru wklv skhqrphqrq fdq eh irxqg lq htxdwlrq +5<,/ zkhuh wkuhh idfwruv ghshqg rq
u‘@,= EW>NW> dqg i1 Qxphulfdoo|/ wkh odwwhu idfwru whqgv wr grplqdwh1 Wkh vnloo ghqvlw| lv
wkh kljkhvw durxqg wkh phdq dqg wkh orzhvw lq wkh wdlov ri wkh glvwulexwlrq1 Wklv lpsolhv wkdw
vhdufk iulfwlrqv zloo eh odujhvw lq wkh wdlov ri wkh vnloo glvwulexwlrq1 Gxh wr lqfuhdvlqj uhwxuqv lq
frqwdfwv/ vhdufk iulfwlrqv duh odujhvw lq wkh wdlov ri wkh glvwulexwlrq zkhuh wkh pdunhw lv uhodwlyho|
wklq1 Wkhvh iulfwlrqv frph wr vxuidfh erwk lq d odujhu ghfolqh ri uhvhuydwlrq zdjhv uhodwlyh wr
wkh Zdoudvldq ehqfkpdun dqg lq d kljkhu xqhpsor|phqw udwh iru wkh zrunhuv lq wkh wdlov ri wkh
glvwulexwlrq1 Wkh h￿hfw lv hyhq vwurqjhu lq wkh orzhu wdlo/ gxh wr wkh kljkhu uhsodfhphqw udwh
dqg kljkhu fdslwdo frvwv zklfk duh lpsolhg e| wkh frqvwdqf| ri erwk E dqg N1 Wklv phfkdqlvp
|lhogv lpsruwdqw lpsolfdwlrqv lq wkh ￿hog ri uhjlrqdo hfrqrplfv/ zklfk ghvhuyh hpslulfdo whvwlqj1
Zkhq vhdufk iulfwlrqv duh pruh lpsruwdqw lq wkh wdlov ri wkh glvwulexwlrq/ rqh zrxog h{shfw erwk
57kljk dqg orz0vnloohg zrunhuv wr foxvwhu lq kljk ghqvlw| uhjlrqv +wkdw lv= lq flwlhv,/ vr wkdw wkh
kljk ydoxh ri ￿ fdq frpshqvdwh iru wkh orz ydoxh ri i1 Wkh idfw wkdw zdjhv duh ghsuhvvhg lq erwk
wdlov ri wkh glvwulexwlrq lpsolhv wkdw wkh zdjh glvwulexwlrq lv vnhzhg wrzdug wkh ohiw frpsduhg
wr wkh Zdoudvldq ehqfkpdun14: Wkh ryhudoo h￿hfw ri vhdufk iulfwlrqv rq wkh zdjh glvwulexwlrq lv
prghudwh iru ￿ @ 4/v h hW d e o h4 1
Wklug/ Iljxuhv 9 dqg : sorw wkh pdwfklqj vhwv dqg fW +vW, dqg gW+vW, lq wkh vW>f W0vsdfh iru
￿ @ 4 dqg ￿ @5 8 3 3dqg ￿ @6 < / uhvshfwlyho|/ zkloh Iljxuh ; dqg < sorw pdwfklqj vhwv iru wkh
vdph ydoxhv ri ￿/ exw qrz iru ￿ @3 1
ILJXUH 9 DERXW KHUH
ILJXUH : DERXW KHUH
ILJXUH ; DERXW KHUH
ILJXUH < DERXW KHUH
E| htxdwlrq +73,/ wkh Zdoudvldq ehqfkpdun lv uhsuhvhqwhg e| wkh gldjrqdo1 Wkh odujhu vhdufk
iulfwlrqv/ wkh zlghu lv wkh pdwfklqj vhw1 Ruljlqdoo|/ zh dovr sorwwhg fW +vW, dqg gW +vW, exw wkh|
olhg vr forvh wr hdfk rwkhu dqg wr wkh Zdoudvldq ehqfkpdun wkdw lw lv qrw lqvwuxfwlyh wr lqfoxgh
wkhp1 Khqfh/ wkh dvvxpswlrq fW +vW, @ gW +vW, lv qrw d edg dssur{lpdwlrq1 Wkh zdyhv lq wkh
pdwfklqj vhwv lq Iljxuh : duh gxh wr fruqhu sureohp wkdw zloo eh glvfxvvhg h{whqvlyho| ehorz1
Lq wkh vlpxodwlrqv zlwk ￿ @3zh vhh ￿uvw ri doo wkdw wkh pdwfklqj vhwv duh pxfk vprrwkhu1
Iljxuh ; vkrzv wkh fdvh zkhuh ￿ @5 8 3 3zkloh lq Iljxuh < zlwk ￿ @6 <zh vhh wkdw odujhu vhdufk
iulfwlrqv ohdg wr zlghu pdwfklqj vhwv1 Gxh wr lpshuihfw vxevwlwxwlrq/ wkh pdwfklqj vhwv duh pxfk
vprrwkhu qrz dqg wkh fruqhu sureohp grhv qrw pdqlihvw lwvhoi lq ydfdqf| foxvwhulqj1
Qh{w/ frqvlghu wkh dffxudf| ri rxu dqdo|wlfdo h{sdqvlrqv1 Iluvw/ zkhq ￿ @ 4/ rxu dssur{l0
pdwlrqv duh vxusulvlqjo| dffxudwh iru ￿ @5 8 3 3 1 Wkh pd{lpxp ghyldwlrq iru xqhpsor|phqw lv
61<( zkloh iru {+v, lw lv :18( +erwk lq wkh orzhu fruqhuv,1 Dv wkh vhdufk iulfwlrqv jhw kljkhu/ rxu
dssur{lpdwlrqv ehfrph ohvv dffxudwh1 Wklv lv pdlqo| gxh wr wkh fruqhu sureohp/ dv fdq eh vhhq
iurp Iljxuh 43 dqg 441
ILJXUH 43 DERXW KHUH
ILJXUH 44 DERXW KHUH
Iljxuh 43 sruwud|v wkh rxwsxw iru ydulrxv mre w|shv f uhodwlyh wr wkh rxwsxw lq wkh Zdoudvldq
htxloleulxp iru ￿ @ 5833= Iru d eurdg udqjh ri mrev lq wkh plggoh ri wkh glvwulexwlrq/ wklv rxwsxw
udwlr lv forvh wr xqlw|1 Rqo| lq wkh fruqhuv/ foxvwhulqj gxh wr wkh fruqhu sureohp lv fohduo|
revhuydeoh1 Iru ￿ @6 < / vhdufk iulfwlrqv duh vr lpsruwdqw wkdw wkh surfhvv ri foxvwhulqj lv fohduo|
pdqlihvw dorqj wkh zkroh udqjh ri fW14;1I r u ￿ @3 / rxu dssur{lpdwlrqv iru xqhpsor|phqw
duh idluo| dffxudwh1 Iru vpdoo vhdufk iulfwlrqv wkh prgho doprvw h{dfwo| plplfv wkh vlpxodwlrq
rxwfrphv1 Rqo| zkhq vhdufk iulfwlrqv duh yhu| odujh rxu suhglfwlrq iru wkh orzhvw vnloo jurxsv
ehfrph ohvv dffxudwh1 Wkh suhglfwlrqv ri {+v, duh dovr jrrg1 Wkh uhdvrq iru wkh orzhu dffxudf| ri
rxu dssur{lpdwlrqv ￿ @ 4 lv wkdw rxu Wd|oru dssur{lpdwlrqv gr qrw dffrxqw iru wklv foxvwhulqj
ri ydfdqflhv1 Krzhyhu/ lq wkh pruh uhdolvwlf fdvh zlwk lpshuihfw vxevwlwxwlrq/ wkhuh zloo eh qr
foxvwhulqj ehfdxvh mrev ri doo w|shv kdyh wr eh rshqhg1 Frpprglw| sulfhv zloo wkhq wdnh fduh ri
wkh fruqhu sureohp1 Wklv lv grfxphqwhg lq Iljxuh 45/ zklfk sorwv frpprglw| sulfhv uhodwlyh wr
wkhlu ohyho lq wkh Zdoudvldq htxloleulxp1
4:Lqwhuhvwlqj/ wklv phfkdqlvp surylghv d frxqwhuydlolqj irufh djdlqvw wkh vnhzqhvv wr wkh uljkw lpsolhg e| wkh
frpsdudwlyh dgydqwdjh phfkdqlvp/ vhh Vdwwlqjhu +4<:8,1
4;Rqo| iru d uhdoo| vkdus vwrs fulwhulxp iru wkh vlpxodwlrqv ri 3133334/ wklv sdwwhuq hphujhv lq rxu vlpxodwlrqv1
Zh wkhuhiruh h{shfw wkdw iru ydoxhv ri # voljkwo| deryh 3/ wkh foxvwhulqj zloo glvdsshdu1
58ILJXUH 45 DERXW KHUH
Sulfhv duh kljkhu lq erwk fruqhuv wkdq lq wkh lqwhuphgldwh udqjh/ lq sduwlfxodu iru wkh xsshu
wdlo1 Reylrxvo|/ wkh vxevwdqwldo sulfh lqfuhdvhv lq wkh xsshu wdlo sxvkhv xs uhvhuydwlrq zdjhv1
Khqfh/ htxdwlrq +63, grhv qrw dsso| iru wkh fdvh wkdw ￿ @3 / zklfk fdq eh fkhfnhg iurp Wdeoh 6
+u+v,.{+v, 9@ u‘@,+v,,1 Khqfh/ wkh frpelqdwlrq ri vhdufk iulfwlrqv dqg lpshuihfw vxevwlwxwlrq
ohdgv wr d vxevwdqwldo lqfuhdvh lq zdjh glvshuvlrq/ vhh Wdeoh 41
+, 
    -      
Wkh pdlq frqwulexwlrq ri wklv sdshu lv wr vxsso| d qhz wrro iru dqdo|}lqj htxloleulxp vhdufk
prghov1 Rxu phwkrg ri dsso|lqj vhfrqg rughu Wd|oru h{sdqvlrqv wr hydoxdwh wkh lqwhjudov ryhu
wkh pdwfklqj vhwv suryhg wr eh xvhixo lq wkh vhqvh wkdw lw jdyh xv dq dssur{lpdwh fkdudfwhul}dwlrq
ri d vhdufk htxloleulxp zklfk zdv klwkhuwr frpsohwho| xqwudfwdeoh1 Wklv dssur{lpdwlrq wxuqv
rxw wr eh dffxudwh/ lq sduwlfxodu iru wkh plggoh jurxsv/ iru orz vhdufk iulfwlrqv dqg iru wkh fdvh
zkhuh wkh surgxfhg frpprglwlhv duh ohvv wkdq shuihfw vxevwlwxwhv1 Wklv dssurdfk dovr jlyhv
xv ydulrxv suhglfwlrqv rq hfrqrplf uhodwlrqv ehwzhhq xqhpsor|phqw/ ydfdqflhv/ h!flhqf| orvvhv
gxh wr ydulrxv fdxvhv/ wkh h￿hfw ri ehqh￿wv rq wkh xqhpsor|phqw udwh/ wkh rswlpdo ehqh￿w ohyho
dqg wkh olnh1
Dq lpsruwdqw h{whqvlrq wr wkh prgho wkdw frphv wr plqg lv wr doorz iru rq wkh mre vhdufk1
Vlqfh zrunhuv pdwfk zlwk wkhlu idyrulwh mre rqo| e| dfflghqw/ wkhuh duh lqfhqwlyhv wr frqwlqxh
vhdufk1 Lq wkh h{wuhph fdvh zkhq rq wkh mre vhdufk lv frvwohvv/ zrunhuv zloo dffhsw dq| mre wkdw
sd|v d zdjh zklfk lv kljkhu wkdq E dqg frqwlqxh vhdufklqj iru ehwwhu mrev1 D uhodwhg h{whqvlrq
lv wr hqgrjhql}h wkh vhsdudwlrq udwh ￿1 Frqvlghu iru h{dpsoh d vlpsoh prgho zlwk dxwrpdwlf
rq0wkh0mre dffxpxodwlrq ri vnloo/ wkdw lv/ wkh vwdqgdug Plqfhu prgho= wkh vnloo ohyho v jrhv xs dv
wkh zrunhu dffxpxodwhv h{shulhqfh1 Gxh wr wkh frpsdudwlyh dgydqwdjh vwuxfwxuh/ wkh frpsoh{lw|
ri wkh rswlpdo mre w|sh zloo dovr pryh xs1 Vrrqhu ru odwhu/ wkh suhvhqw mre zloo qr orqjhu vdwlvi|
wkh uhvhuydwlrq pdwfk frqvwudlqw dqg wkh zrunhu zloo vhsdudwh wr orrn iru d ehwwhu pdwfk1
Lq dgglwlrq/ lw lv lqwhuhvwlqj wr ixuwkhu h{soruh wkh lpsolfdwlrqv ri wklv prgho iru wkh vsdfldo
vwuxfwxuh ri wkh hfrqrp|1 Rwkhu wklqjv htxdo/ vhdufk iulfwlrqv kdyh wkh vwurqjhvw grzqzdug
h￿hfw rq zdjhv lq erwk wdlov ri wkh vnloo glvwulexwlrq1 Khqfh/ wkh zdjh glvwulexwlrq lv vnhzhg wr
wkh ohiw uhodwlyh wr lwv Zdoudvldq frxqwhusduw1 Vlqfh vhdufk iulfwlrqv duh pruh vhyhuh lq uxudo duhdv
wkdq lq ghqvho| srsxodwhg phwursrolwdq oderu pdunhwv/ zdjhv zloo eh prvw ghsuhvvhg lq wkh wdlov
ri wkh glvwulexwlrq lq uxudo duhdv/ djdlq/ rwkhu wklqjv htxdo1 Wklv zloo vwlpxodwh prelolw|1 Erwk
orz dqg kljk vnloohg zrunhuv zloo ohdyh wkh frxqwu|vlgh dqg pryh wrzdugv wkh elj flwlhv/ ohdglqj
wr d zlghu vnloo glvwulexwlrq lq phwursrolwdq duhdv1 Khqfh/ rqh h{sodqdwlrq iru wkh h{lvwhqfh ri
flwlhv lv wkdw wkh| kdyh d frpsdudwlyh dgydqwdjh lq pdwfklqj h{wuhph w|shv1 Lq Whxolqjv dqg
Jdxwlhu +5333,/ zh jlyh hylghqfh wkdw wklv lv lqghhg wkh fdvh14<
./ 
        
Derzg/ M1P1 dqg W1 Ohplhx{ +4<<6, Wkh h￿hfwv ri surgxfw pdunhw frpshwlwlrq rq froohfwlyh edujdlqlqj
4<Wklv grhv qrw rqo| krog iru wkh oderu pdunhw exw dovr iru h{dpsoh iru wkh pduuldjh pdunhw dqg wkh jrrgv
pdunhw1
59djuhhphqwv= wkh fdvh ri iruhljq frpshwlwlrq lq Fdqdgd/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 43;/ <;60
43471
Ehupdq H1 +4<<:, Khos zdqwhg/ mre qhhghg= Hvwlpdwhv ri d pdwfklqj ixqfwlrq iurp hpsor|phqw vhuylfh
gdwd/ Mrxuqdo ri Oderu Hfrqrplfv/ yro 48/ qr1 4/ sduw 51 Mdqxdu| 4<<:/ 58405<51
Exughww N1 +4<:<, Xqhpsor|phqw lqvxudqfh sd|phqwv dv d vhdufk vxevlg|= d wkhruhwlfdo dqdo|vlv/ Hfr0
qrplf Lqtxlu|/ 75/ 6660761
Exughww N1 dqg P1J1 Frohv +4<<:, Pduuldjh dqg fodvv/ Txduwhuo| rxuqdo ri Hfrqrplfv/ 445/ 47409;1
Exughww N1 dqg P1J1 Frohv +4<<<, Orqj0Whup sduwqhuvkls irupdwlrq= Pduuldjh dqg hpsor|phqw Hfr0
qrplf Mrxuqdo 43</ 63:06671
Exughww N1 dqg P1J1 Frohv dqg M1F1 Ydq Rxuv +4<<7, Whpsrudo djjuhjdwlrq eldv lq vwrfn0 rz prghov/
FHSU Glvfxvvlrq Sdshu <9:1
Exughww N1 dqg G1 Pruwhqvhq +4<<;, Htxloleulxp zdjh gl￿huhqwldov dqg hpsor|hu vl}h/ Lqwhuqdwlrqdo
Hfrqrplf Uhylhz/ 6</ 58:05:71
Gldprqg S1D1 +4<;4, Prelolw| frvwv/ iulfwlrqdo xqhpsor|phqw/ dqg h!flhqf|/ Mrxuqdo ri Srolwlfdo Hfrq0
rp|/ ;</ :<;0;451
Gldprqg S1D1 +4<;5d, Zdjh ghwhuplqdwlrq dqg h!flhqf| lq vhdufk htxloleulxp/ Uhylhz ri Hfrqrplf
Vwxglhv/ 7</ 54:055:1
Gldprqg S1D1 +4<;5e, Djjuhjdwh ghpdqg pdqdjhphqw lq vhdufk htxloleulxp/ Mrxuqdo ri Srolwlfdo Hfrq0
rp|/ <3/ ;;40;<71
Krvlrv/ D1M1 +4<<3, Rq wkh h!flhqf| ri pdwfklqj dqg uhodwhg prghov ri vhdufk dqg xqhpsor|phqw/
Uhylhz ri Hfrqrplf Vwxglhv 8:/ 5:<05<;1
Nuxhjhu D1E1 dqg O1K1 Vxpphuv +4<;;, H!flhqf| zdjhv dqg wkh lqwhu0lqgxvwu| zdjh vwuxfwxuh/ Hfrqrphwulfd>
Yro1 89/ 58<0<61
Pdulprq U1 dqg I1 ]lolerwwl +4<<<, Xqhpsor|phqw yv1 plvpdwfk ri wdohqwv= uhfrqvlghulqj xqhpsor|0
phqw ehqh￿wv/ Hfrqrplf Mrxuqdo 43< 59905<41
Ph|hu E1 +4<<3, Xqhpsor|phqw lqvxudqfh dqg xqhpsor|phqw vshoov/ Hfrqrphwulfd 8;/ :8:0:;51
Pruwhqvhq G1 dqg F1D1 Slvvdulghv +4<<7, Mre fuhdwlrq dqg ghvwuxfwlrq lq wkh wkhru| ri xqhpsor|phqw/
Uhylhz ri Hfrqrplf Vwxglhv/ 94/ 6<:07481
Pruwhqvhq G1 dqg F1D1 Slvvdulghv +4<<<, Qhz ghyhorsphqwv lq prghov ri vhdufk lq wkh oderu pdunhw/
iruwkfrplqj lq= Kdqgerrn ri Oderu Hfrqrplfv1
Shwurqjror E1 dqg F1D1 Slvvdulghv +4<<<, Orrnlqj lqwr wkh eodfner{= D vxuyh| ri wkh pdwfklqj ixqfwlrq/
zrunlqj sdshu OVH1
Slvvdulghv F1D1 +4<<3, Htxloleulxp xqhpsor|phqw wkhru|/ Edvlo Eodfnzhoo/ Orqgrq1
5:Slvvdulghv F1D1 +4<<7, Vhdufk xqhpsor|phqw zlwk rq wkh mre vhdufk/ Uhylhz ri Hfrqrplf Vwxglhv/ 94/
78:07:81
Urvhq/ V1 +4<:7, Khgrqlf sulfhv dqg lpsolflw pdunhwv= surgxfw gl￿huhqwldwlrq lq sxuh frpshwlwlrq￿/
Mrxuqdo ri Srolwlfdo Hfrqrp| / ;5/ 670881
Vdwwlqjhu P1 +4<:8, Frpsdudwlyh dgydqwdjh dqg wkh glvwulexwlrq ri hduqlqjv dqg delolwlhv/ Hfrqrphwulfd/
76/ 78809;1
Vdwwlqjhu P1 +4<<6, Dvvljqphqw prghov ri wkh glvwulexwlrq ri hduqlqjv/ Mrxuqdo ri Hfrqrplf Olwhudwxuh/
yro [[[L/ ;640;;31
Vdwwlqjhu P1 +4<<8, Vhdufk dqg wkh h!flhqw dvvljqphqw ri zrunhuv wr mrev/ Lqwhuqdwlrqdo Hfrqrplf
Uhylhz/ 69/ 5;606351
Vklphu U1 +4<<<, Wkh lpsdfw ri |rxqj zrunhuv rq wkh djjuhjdwh oderu pdunhw/ QEHU Zrunlqj Sdshu
Qr=:639/ Fdpeulgjh PD1
Vklphu U1 dqg O1 Vplwk +5333, Dvvruwdwlyh pdwfklqj dqg vhdufk/ Hfrqrphwulfd/ 9;/ 67606:31
Vplwk O1 +4<<8, Furvv0vhfwlrqdo g|qdplfv lq d wzr0vlghg pdwfklqj prgho/ plphr PLW1
Whxolqjv F1Q1 +4<<8, Wkh zdjh glvwulexwlrq lq d prgho ri wkh dvvljqphqw ri vnloov wr mrev/ Mrxuqdo ri
Srolwlfdo Hfrqrp|/ 5;306481
Whxolqjv +4<<<, Vxevwlwxwlrq dqg frpsohphqwdulw| xqghu frpsdudwlyh dgydqwdjh dqg wkh dffxpxodwlrq
ri kxpdq fdslwdo/ Wlqehujhq Lqvwlwxwh glvfxvvlrq sdshu <<037<261
Whxolqjv +5333, Vxevwlwxwlrq eldv lq hodvwlflwlhv ri vxevwlwxwlrq dqg wkh plqlpxp zdjh sdudgr{/ Lqwhu0
qdwlrqdo Hfrqrplf Uhylhz +Iruwkfrplqj,1
Whxolqjv F1Q1 dqg S1D1 Jdxwlhu +5333, Phwursrohv/ wrzqv dqg wkh frxqwu|vlgh= Vhdufk dqg Dvvljqphqw
dfurvv vsdfh/ plphr/ Wlqehujhq Lqvwlwxwh1
Whxolqjv F1Q1 dqg M1 Ylhlud +4<<<, Xuedq yhuvxv uxudo uhwxuq wr kxpdq fdslwdo lq Sruwxjdo= D Frrn0Errn
Uhflsh iru dsso|lqj dvvljqphqw prghov/ Wlqehujhq Glvfxvvlrq Sdshu/ <;03<8261
Wrsnlv G1P1 +4<<;, Vxshuprgxodulw| dqg Frpsohphqwdulw|/ Sulqfhwrq Xqryhuvlw| Suhvv/ Sulqfhwrq QM1
\dvkly H1 +4<<9, Wkh ghwhuplqdqwv ri htxloleulxp xqhpsor|phqw/ plphr/ ghsduwphqw ri hfrqrplfv/ Who
Dyly Xqlyhuvlw|1
 Dsshqglfhv
 Wkh surri ri Wkhruhp 4
Sduw 4= Wkh frqwlqxlw| ri U+v,=










6SErn￿￿36SEr￿ j+f,^S+f,I+v . k>f, ￿ U+v . k,‘gf
,
+64,
zkhuh ￿U+v, ￿ U+v . k, ￿ U+v,1 Vxssrvh wkdw ￿U+v, ￿ 31 Wkhq wkh ￿uvw whup rq wkh uljkw
kdqg vlgh lv qhjdwlyh1 Wkh vhfrqg whup lv }hur/ ehfdxvh d qhfhvvdu| frqglwlrq iru f wr eh lq wkh vhw
pS+v . k, ￿ pS+v, lv {+v . k>f, ￿ {+v>f, A 31 Vlqfh olp
￿<f
{+v . k>f, ￿ {+v>f,@￿￿U+v,/w k l v
frqglwlrq lv qhyhu vdwlv￿hg1 Khqfh/ wkh rqo| zd| iru htxdwlrq +64, wr dsso| lv wkdw olp
￿<f
￿U+v,@3 1
Vlplodu dujxphqwv suryh wkh rwkhu vwdwhphqwv lq sduw 4 ri wkhruhp1 T1H1G1
Sduw 5= Wkh vljq ri wkh ghulydwlyhv ri U+v, dqg S+f,=










gf . h￿hfwyldpS+v, +65,
Wkh vhfrqg whup rq wkh uljkw kdqg vlgh lv }hur e| wkh hqyhorsh wkhruhp +e| wkh gh￿qlwlrq ri pS+v,/
S+f,U+v>f, ￿ U+v, @3dw wkh erxqgdulhv ri wkh lqwhjudwlrq lqwhuydo,1 Eulqjlqj wkh whup zlwk u￿+v, lq
wkh lqwhjudqg wr wkh uljkw kdqg vlgh ri wkh htxdwlrq vkrzv u￿+v, A 31 T1H1G1















gf . h￿hfwyldpS+v, +66,
Wkh h￿hfw yld wkh erxqgdulhv ri lqwhjudwlrq lv qhfhvvdulo| srvlwlyh lq wklv fdvh= ljqrulqj wkh h￿hfw yld
wkh erxqgdulhv |lhog wkh vhfrqg ghulydwlyh ri wkh ydoxh ri mre vhdufk zkhq zrunhuv zrxog qrw dgmxvw
wkhlu vhdufk vwudwhj| wr wkh lqfuhdvh lq v1 Dgmxvwlqj wkh vhdufk vwudwhj| wr wkh rswlpdo vwudwhj| fdq rqo|

































zkhuh wkh vhfrqg htxdolw| iroorzv iurp vxevwlwxwlqj wkh ￿qdo whup e| wkh ruljlqdo htxdwlrq +9,1 Zulwh




’ if ￿ u￿+v,jgf/ru T H^ ^f ￿ u￿+v,‘zkhuh= T @
U
6SEr￿ t+f,gf dqg zkhuh
H^ lv wkh h{shfwdwlrq rshudwru zlwk uhvshfw wr wkh ghqvlw| ixqfwlrq
^ES￿
’ 1 Olnhzlvh/ wkh ￿uvw whup ri




’ fif ￿ u￿+v,jgf @ Y^+f, . H^+f,2 ￿ H^+f,u￿+v, @
Y^+f, . H^+f,^H^+f, ￿ u￿+v,‘> zkhuh Y^+f, lv wkh yduldqfh zlwk uhvshfw wr wkh ghqvlw| ixqfwlrq
^ES￿
’ 1
Ilqdoo| qrwh wkdw= TiY^ ^f‘ . H^ ^f ￿ u￿+v,‘j AT^H^f ￿ u￿+v,‘ A 31 T1H1G1
Wkh surri ri s￿￿+f, ? 3 iroorzv lpphgldwho| e| gl￿huhqwldwlqj wzlfh htxdwlrq +9, iru N zlwk uhvshfw
wr f1 T1H1G1
Sduw 6= {rr+v>f, @ ￿u￿￿+v, ? 3/ {SS+v>f, @ s￿￿+f, ? 31 T1H1G1
Sduw 7= wkh frqqhfwhgqhvv ri pS+v, dqg pr+f,=
5<pS+v, lv gh￿qhg e| {+v>f, A 31 E| sduw 4 dqg sduw 6/ {+v>f, kdv d xqltxh pd{lpxp +hlwkhu lqwhulru
ru h{whulru,1L ipS+v, lv qrq0hpsw|/ wklv pd{lpxp kdv wr eh srvlwlyh1 Dovr e| sduw 4 dqg 6/ wkh htxdwlrq
{+v>f,@3iru ￿{hg v kdv dw prvw wzr urrwv/ rqh deryh wkh orfdwlrq ri wkh pd{lpxp +gh￿qhg dv fn+v,,
dqg rqh ehorz lw +f3+v,,1D o o f*v lq ehwzhhq duh hohphqw ri pS+v,/ doo rwkhuv f*v duh qrw1 D vlplodu
dujxphqw dssolhv wr pr+f,1 T1H1G1
Sduw 8= f3
￿
+v, A 3 dqg fn
￿
+v, A 3=





Vlqfh f3+v, ?f +v, dqg e| sduw 6/ {S ^v>f3+v,‘ A 31 E| sduw 4 dqg 5 dqg wkh gh￿qlwlrq v+f,/ v￿+f, A 31
Khqfh= v?v^f3+v,‘/r u =vn^f3+v,‘ @ v +wkh srlqw f3+v, lv wkh orzhu erxqg ri pS+v, exw wkh xsshu
erxqg ri pr+f,,1 Khqfh/ e| sduw 6/ {r^v>f3+v,‘ ? 31 T1H1G1















dqg qrwh wkdw {S ^v>f+v,‘ @3dqg wkdw {SS ^v>f+v,‘ @ s￿￿^f+v,‘ @ ￿4@f￿+v,1 Gh￿qh ￿@f ￿ f+v,/




























zkhuh H ￿ h% zlwk { ￿ {^v>f+v,‘ dqg zkhuh j dqg j￿duh hydoxdwhg dw f+v, dqg zkhuh f￿ ghqrwhv
f￿+v,1 Wkh dujxphqwv ri wkhvh ixqfwlrqv duh vxssuhvvhg iru frqyhqlhqfh1 Wkh lqwhjudqg fdq eh zulwwhq
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5f￿+￿n .￿ 3,+￿n ￿￿3, @ r+￿r2
, , ￿n ￿ ￿3 @ r+￿r,























































5{f￿ . r+￿r, |lhogv htxdwlrq +4<, lq wkh wh{w1 T1H1G1
 Wkh uhvshfl￿fdwlrq lq whupv ri W dqg W
Zh orrn iru d vshfl￿fdwlrq ri t+f, zklfk vdwlv￿hv wkh dvvxpswlrq ri d frqvwdqw frpsoh{lw| glvshuvlrq
sdudphwhu1 Lw lv frqyhqlhqw wr vwduw zlwk wkh fdvh ￿ @ 4/ vlqfh wkhq rxwsxw sulfhv duh h￿hfwlyho|




oq+￿f, ￿ f +6;,
Khqfh/ iru wkh Zdoudvldq ehqfkpdun/ s￿ ^f+v,‘ @ ￿
￿ f+v,3￿ ￿ 4@￿v/r uf+v, @ ￿
￿+4 ￿ v,3￿1 Wkh
frpsoh{lw| glvshuvlrq sdudphwhu/ ￿+v, @
S￿Er￿
SEr￿2/ lv wkhuhiruh lqghhg frqvwdqw=
￿+v, @ ￿ +6<,
Lqwhjudwlqj u￿+v, @ f+v, dqg dsso|lqj wkh }hur sur￿w frqvwudlqw s+f,.vf￿u+v, @3|lhogv wkh orfxv ri





Lw lv frqyhqlhqw iru wkh suhvhqwdwlrq ri wkh vlpxodwlrq uhvxowv wr wudqvirup erwk v dqg f= vW ￿￿oq+4 ￿ v,
dqg fW ￿ oqf1 Dsso|lqj wklv wudqvirupdwlrq |lhogv d prgho zklfk lv doprvw olqhdu=






zkhuh fW+vW, ￿ fW dqg uW+vW, ￿ u1 Khqfh/ wkh uhodwlrqv ehwzhhq vW/ fW/d q gu duh olqhdu xqghu wkh
dvvxpswlrq ri d frqvwdqw frpsoh{lw| glvshuvlrq sdudphwhu1 Wkh vorsh ri fW +vW, lv hyhq htxdo wr xqlw|1
Zh suhvhqw wkh vlpxodwlrq uhvxowv iru wkh pdwfklqj vhwv lq wkh vW>f W0vsdfh lqvwhdg ri v>f0vsdfh/ vlqfh wkh
olqhdulw| ri wkh uhodwlrqv lq wkh Zdoudvldq htxloleulxp pdnhv wkh uhvxowv pruh hdv| wr mxgjh1
Iru ￿ @3 / wkh deryh ghulydwlrq fdqqrw eh dssolhg gluhfwo|/ vlqfh frpprglw| sulfhv duh hqgrjhqrxv1
Krzhyhu/ lw lv d vwudljkwiruzdug wdvn wr ghulyh wkh lpsolhg ixqfwlrq iru t+f, iurp wkh dvvxpswlrq deryh/
xvlqj htxdwlrq +46,1 Iru wklv prgho zh suhvhqw vlpxodwlrq uhvxowv lq wkh qh{w vhfwlrq1
64 Iljxuhv







































































Iljxuh 8= Looxvwudwlrq ri wkh fruqhu sureohp
c
s
Iljxuh 9= Pdwfklqj vhwv iru ￿ @6 <dqg ￿ @3
67 Wdeohv
￿ ￿ 5/833 958 489 6<
4 vwghy u 3194 3195 3196 3196
orvv 3138 313< 3148 3159
djju1 x+(, 418 51; 816 <1<
djju1 j+(, 61: 914 4315 4719
3 vwghy u 3198 319< 31:6 31:;
orvv 3137 3139 3144 314:
djju1 x+(, 419 613 81: 4415
djju1 j+(, 61; 917 4319 4918
Qrwh= orvv lv rxwsxw orvv +lq orjv, gxh wr vhdufk iulfwlrqv
Wdeoh 4= Djjuhjdwh rxwfrphv iru gl￿huhqw ydoxhv ri ￿ dqg ￿
v￿ 0913 0613 313 613 913
￿ @5 8 3 3 x+(, 71; 41; 414 413 417
u+v, 0416< 0319< 03139 3187 4145
{+v, 314; 313< 3139 3139 313<
huuru {+v, ( 0:18 0618 0517 0516 081<
huuru x+v, ( 061< 0415 031; 0414 0319
￿ @9 5 8 x+(, 4315 61< 41; 41; 51<
u+v, 0417: 031:8 03143 317; 413:
{+v, 315: 3147 313< 3143 3145
huuru {+v, ( 055143 0461< 04<1; 0;17 05618
huuru x+v, ( 4313 5617 0713 413 4813
￿ @4 8 9 x+(, 5816 :19 51: 613 614
u+v, 041:8 031<3 03149 3174 31<9
{+v, 3188 3163 3149 314< 3156
huuru {+v, ( 0431: 419 04619 316: 04;15
huuru x+v, ( 541; 5815 04<16 0:13 06613
￿ @6 < x+(, :316 4317 819 617 91;
u+v, 0515 031<: 03158 3158 31:5
{+v, 31<7 3169 3156 3167 3158
huuru {+v, ( 4315 06315 06418 0618 08519
huuru x+v, ( 04616 0817 0<14 07519 0561:
Wdeoh 5= Vlpxodwlrq uhvxowv iru gl￿huhqw zrunhu vnloo jurxsv zkhq ￿ @ 4
68Wdeoh 6= Vlpxodwlrq uhvxowv iru gl￿huhqw zrunhu vnloo jurxsv zkhq ￿ @3
v￿ 0913 0613 313 613 913
￿ @5 8 3 3 x+(, 816 41< 414 413 417
u+v, 0417; 031:: 03143 3188 4155
{+v, 314; 313< 3139 3139 313<
huuru {+v, ( 0;154 061;9 3163 0419; 51;6
huuru x+v, ( 0414: 3149 3198 3174 318;
￿ @9 5 8 x+(, 431; 618 513 41; 518
u+v, 04197 031;; 0314; 3184 4154
{+v, 3164 3149 3144 3144 3148
huuru {+v, ( 045154 0718; 031;5 4148 513:
huuru x+v, ( 061< 0415 031; 0414 0319
￿ @4 8 9 x+(, 5613 91< 61: 616 716
u+v, 041;< 0413; 03164 3176 4153
{+v, 3185 315< 3153 314< 3159
huuru {+v, ( 04714< 0:15: 041<7 315: 6168
huuru x+v, ( 09164 5148 5167 61;; 7177
￿ @6 < x+(, 7819 4719 :17 914 :1:
u+v, 05147 0416< 03188 315; 4148
{+v, 31;3 3183 3169 3167 3179
huuru {+v, ( 047198 046163 08198 03177 4186
huuru x+v, ( 063177 31:6 614; 61;6 7147
69